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Abstract: Problem statement: This study discusses the robust stabilizationasfmbounded discrete
switched systemdApproach: The proposed method is using the second Lyapupprwoach and the
poly-quadratic function concept. The stabilizatioonditions are written through linear matrix
inequality relations. The control law is based ostatic output feedback with the use of a switched
observer. The synthesis conditions of the contralie written in the form of linear matrix inequads
difficult to resolve by current numerical solveiiat's why relaxations are proposed to mitigate the
pessimism of LMI conditions obtaine®esults. The poly-quadratic Lyapunov approach provides a
constructive way to tackle uncertainty in the shitd framework. The feasibility is illustrated byeth
example of discrete uncertain switched systebmsiclusion: With these results, the study of stability
can be achieved for arbitrary switching laws, stlpendent, time dependent or generated by a
controller. However, the implementation of the cohtaw is possible only if the switching status is
well known in real time.

Key words: Matrix inequalities, robust stabilization, arbiyaswitching laws, inequality relations,
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INTRODUCTION controllers guaranteeing the stability of systems
(Skafidaset al., 1999; Liberzon, 2003; Hespanha and

Many natural and artificial systems work in Morse, 2002) which operating constraints require
different operating modes, each with its own dyrami switching between multiple controllers.

The car changes from one dynamic mode to another This study proposes an extension of this works in
with every change of speed, the human heart svdtcheahe case when the switches are made between uncerta
between different modes depending on the emotiondlTl systems. The control investigated is of statdback
state of the person. These systems concoct comsnuocontrol, observer based and dynamic controller.
dynamics with both synchronous or asynchronous

discrete events. Such class of systems is calledichy MATERIALSAND METHODS

systems (Liberzon, 2003)

The literature has shown a growing interest in Let us consider a discrete autonomous switched
switched systems. Switched systems are hybrid migste system (1) where each subsystem is vitiated byrenno
defined by a set whose elements are dynamibounded uncertainty (Mahergt al., 2007; Zhou and
continuous and/or discrete time models withKhargonekar, 1987; 1988), this system can be dsstri
commutation law which define, in time, the jumps by the following equalities (1):
between the elements, leading to a non stationary
dynamic system. Some recent results are given i Ny
(Daafouzet al., 2001; 2002a) where a sufficient (but rk(kJrl)_,Z;Ek(A’ A )x(K) @)
relatively non restrictive compared to the quadrati
approach) stability condition for discrete switchedWith Eq. 2 and 3:
systems is provided using the poly-quadratic aggino

recently proposed by (Daafouz and Bernussou, 20013A, =D FE, (2)
to analyze stability and stabilization control lofiear
“Time Varying systems”. And:
Other approaches are concerned with the )
determination of an act of switching between severa™ Fi <V (3)
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Where: a poly-quadratically stable “if and only if thereeaN
¢ = Switching index symmetric positive definite matrices;.S Sy and N
M = Number of subsystems Eq. 4 and 5: symmetric positive definite matrices G Gy matrices”

of appropriate dimensions satisfying Eq. 12:

£ = 1lif thestatematrix Al (A+a A | @)
: 0if not G+G-5 GA GE 0
AG, S 0 D, 12
§.200 " & =18, =[EL,..ENT ®) EG 0 ! 0 4
0 o) 0 i1

Analysis of stability: By using Theorem developed by
(Daafouz and Bernussou, 2001) the system (1) ig pol
guadratically stable if and only if there are N syatric
positive definite matrices ;S. Sy and N symmetric
positive definite matrices ... Gy matrices of
appropriate dimensions satisfying Eq. 6:

Synthesis of dynamic control based on a switched
observer: This part aims to design switched observer to
reconstruct the unknown states of the system Kiset
states will then be used to formulate a stabilizingtrol
law. The ultimate goal would be to stabilize the

G +G -S G (A+aAY observation error and system states (Liu and [R@05).
[A’ +‘A c s o }om(ﬁ.j)ﬂ ©6)
(A +aA)G, S, Form of switched observer: Let us consider an
(exe) observer of the form Eq. 13:
This is equivalent to the following inequality E#. M A R(K) +B,u(k
and 8: %(k+1)=25f(k)[ (0+Ba( )J
=1 +L,(y(k) —y(k)) (13)
T I AT T AT N . o
{G/+G, SG A}_ Ao GIAA | @ y(k)—;i,(k)c,x(k)
AG, S MG, 0
- . The gains observatiorkrror! Bookmark not
AA, =D, (-F)E, (8) . have to be calculated to guarantee the
defined.
Knowing that Eq. 9 convergence to zero of the observation error Eqg. 14
0  GaA ] {G,TE,T EG 0 } ©) e(k) =x(k) - X(k) (14)
<
— = 0 /ZD/D./F X . . .
LAAG, 0 Y The evolution of the observation error is desdibe
, by the following Eq. 15:
So we can say that if Eqg. 10:
- T AT : ek +1)=>" &, (k)(A, +DA, -A  |x(k)
G,+G, -5 QA}_[QE:EG 2 OT}O (10) ' PRRAC ) (15)
AG, S 0 Y; D, D, (A, —L,C/)S(k))
foIIovTv?r?gncI(;]r?c?i;JiglrI\tsyE(g) 1'; true. Thereby lead to the We see here that the problem of reconstruction
T does not make much sense, since the observation err
G +G-s@ i term depends on a term sgch like an open Ioopcgam
I: e+ O AS(";G’ EEG S _(32[; D‘} 0 (11)  which L has no effect. In this term we chose tosider
2 j At

A, #A,as well and does not constrain tﬁevalueto

Applying the Schur complement leads to thehave an additional degree of freedom (Vidalal.,
following proposal. 2002; Richard, 2003).

Proposition 1: By using Theorem developed by Control and stabilization of the system: The new
(Daafouzet al., 2002b) the system described by Eq. 1 isaugmented system is Eq. 16-22:
1009
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k+1 k T -a T A-R -

[x( + )J:Zfﬂ-ﬁf (k)(p/(x( )J (16) | CuA *BK)*R -G Bk+GA-R-UC (26)

S(k +l) e(k) G;FZ(AI + Bl‘kl‘) + Fl - G;FZBI kl‘ + G;r4Al - Ff - \/I Cl

0 = [A; +AA; +B/k; i B ;k; ] (17) GI']_D( + G/T3D/ (27)

A£+AA£ A"—L(’Cf GIzD;"'GIAD,

A=A, -A, (18) .

{Rf} - [G;ﬂ L, (28)
F G
Let: ! "
o =, +D,FE (19) U |Z|Gls|y (29)
Vv, | Gl
P = A, tBK, BK, (20)
£ A, A, -A,-LC, Find a solution to the LMIs (26) while respecting

the equality constraints (28) and (29) is a nonvean

BT =[E, o] (21) probl_e_m a solutio_q exists only if the following tan
conditions are verified Eq. 30:

D T
E = ‘ 22 T T T
B {D,} (22) ran Gf = rank " Gf = rank ¥ G’T'3 (30)
Gf,,ll Vl Gf,,4 F/ G/,,A
Using results of last proposition, system (16) is _ ) _
poly-quadratically stable “if and only if there ahé So to find solutions to the LMIs (25) that satisfy

symmetric positive definite matrices;.S Sy and N the constraints (28) and (29) it is possible toly@m
symmetric positive definite matrices G Gy matrices”  iterative algorithm of solving the LMI (25) iteraély

of appropriate dimensions satisfying Eq. 23: by testing the rank condition (28) and (29) at estelge
(Halabi, 2005).
G,+G-S G® GE 0 Another approach would be to fix.
®,G, S o D, 00 )O(ex o) (23) G, , = 0then the condition (25) becomes Eq. 31-36:
E,G, 0 |l O
0 D: 0 v/ G +G -S Iy g, 0
)" S 0 E
By rewriting G as follows (24) and after the O o I o0 >0 (31)
change of variables we arrive at the following giigb . Y
condition (25) Eq. 24: 0 ONCEA
G],(A,+Bk,)+R, -G bK,
6. :[Gm Gm} 28) { T,l( ) ol
G.: G, M= G, (A +Bk,)+F -G, Bk, (32)
+G,,A, -F - V,C,
Proposition 2: The system is poly-quadratically stable ’
“if and only if there are N symmetric positive defe G’ D
matrices $... Sy and N symmetric positive definite q_j3:|: L } (33)
matrices G... Gy matrices” of appropriate dimensions G/,D, +G D,
satisfying Eq. 25-29:
A/ =A, -4, (34)
G,+G -S Ty 0
T — (a7 \?
() 010 >0 (25) Ar—(Gm) Fl (35)
)" 010
0 () 0 y;2| L, =G-/I‘—,4V¢, (36)
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One of the two actuators can fail, in this case th
matrix B may take three different values:

G,, =G, , the condition (25) becomes Eq. 37-42:

G/+G/T_S r34 lIJ34 0

O S 0 E -0 (37) 0.6135 0.653
N oz o
0 (O L '
0.6135 0.000
_ Gl,(A +Bk,)+F -G/ Bk +G ,A-F-V.G (39) B, =|0.2749 0.000
" |GlL(A +Bk)+F -G Bk +G A -F-VG 08807 0.000
[0.000 0.653
_| GI.D, +G,D, B,=/0.000 0.489
W, = GT D +GT (39)
2D, +G, D, 10.000 0.774
with: A representation norm bounded uncertainty in the
. dynamical matrix can be given by:
A, =A, -4, (40)
- AA, =DFE;D, =A,FFF<a’lLE=|
A, =G,.)"F (41) ’ Y
L, =GV, (42) For a maximum value of = 0.18, the proposition 1,

allows us to obtain the state feedback gains by
replacingA, by:

RESULTS
It is clear that these methods are conservative, A, +BK,:
because the control gains and observers are daidula ~1.4882 0.7063 1.7174
. ) X T . .
separately and we imposed a special structure en th 1 {0.7982 _ 16053 2_5142
matrix variable G. However these methods are

interesting because they allow a relaxation of ¢ _{—0.6604 - 0.9712- 2.512;5

LMls to be solved by the freedom granted to therices 270.00000 0.00000  0.000Q
A, required for the construction of the observers. -0.6604 — 0.9712- 2.51%E
2{o.ooooo 0.00000 o.ooo;i

[llustration example: It' is a benchmark example,
commonly used in the literature, which we added an
uncertainty of norm bounded type. Based on the condition (5.47) we obtain the

following observers:

X, (k +1)
X(K +1) =| x,(k +1) 0.2203 0.0207 0.447
X, (K +1) A, =|0.1076 0.8584 0.803
+ AX(K) +BUK)Y(K) =[x, (K) X (] 0.7844 0.9053 0.48
0.2113 0.0087 0.452 0.3740 0.557
A =(l+al)|0.0824 0.8096 0.807 L,=[0.4396 1.971
0.7599 0.8474 0.4832 1.0580 1.744
0.6135 0.653 0.2126 0.0383 0.472
B=[0.2749 0.489 A,=/0.0876 0.9036 0.869
0.8807 0.774 0.7692 0.9396 0.536
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Fig. 3: System outputY

1: Evolution of actuator 1
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Fig. 4: System outputY

0189 °
) Figure 3 and 4 show the system stability despite
2: Evolution of actuator 2 uncertainties and actuator failures.
0.3754 0.560 DISCUSSION
L, =|0.4450 1.9813
1.0628 1.752 The poly-quadratic Lyapunov approach provides a
- constructive way to tackle bounded uncertaintyhe t
02252 0.8499 0.459 switched framework. The controller synthesis
A,=|0.0677 0.8499 0.835 conditions are dependent on information provided by
0.7555 0.8953 0.507 observers and the feasibility of LMIs generatedttoy
_0 3548 0518 calculations._We_beIieve thgt the_ proposed conaitio
: : are not pessimistic and against this approach rffay o
L;=|0.3882 1.8695 alternatives to conventional methods of synthesis o
1.0127 1.654 current regulator for this particular type of syste
The conditions obtained from the formulation norm CONCLUSION

bounded uncertainties have the advantage of regltizin

number of LMIs to be solved compared to the poly-  With these results, the study of stability can be
topical formulation of uncertainty which, admittgdis  achieved for arbitrary switching laws, state-demamnd
less conservative but generates much of LMIs teesol time dependent or generated by a controller. Howeve

Figure 1 and 2 shows the evolution of controls uthe implementation of the control law is possibhdyaf

and y for the uncertainty range with a loss of contrbl u switching law status is known in real time (Gatal.,
[15s 20s] and loss of control u2 between timed (B3§. 2004; Hetekt al., 2008).
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In terms of outlook, an important point, to seisk, Hespanha, J.P. and A.S. Morse, 2002. Switching

to develop conditions based even on partial knogded

of the switching law without necessarily having a

thorough knowledge of real-time switching.

Information obtained in advance of the switching

law can afford to give less restrictive conditiomst

having to account for any switching law possible.

Indeed, it is possible in some practical appligaio

such as control systems via computer networks, to
Liberzon, D., 2003. Switching in Systems and Cdntro

estimate an interval containing the delay as atfanc
of various parameters of the network. It will be

interesting, in this case, to define conditions of

stabilization not only taking into account the paeder
uncertainties but also uncertainties about theydela
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