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ABSTRACT

In this study, the performance of OFDM based bidirectional relay network which employs Physical Layer
Network Coding (PLNC) is analyzed in the presence of phase noise. The bidirectional relay network is
assumed to consist of two sources and a relay, where each node has a single antenna and operates in half
duplex mode. The PLNC based OFDM system transmits high data streams over numerous sub channels in
frequency domain. Each sub channel is a narrow band flat fading channel, thereby achieving high spectral
efficiency over wide band channels. In practice, phase noise is introduced with the information symbols
transmitted on all subcarriers in OFDM transceiver. The influence of phase noise on the received signals are
analyzed at both the Multiple Access Channel (MAC) and at the Broadcast Channel (BC) environments.

Keywords: Bidirectional Relay Network, Physical Layer Network Coding (PLNC), Orthogonal Frequency
Division Multiplexing (OFDM), Phase Noise, Multiple Access Channel (MAC), Broadcast

Channel (BC)

1. INTRODUCTION

In One Way Relay Network (OWRN), the data
transmission is unidirectional in which a source node
sends the information to the relay and then the relay
sends it to the destination (Zhang et al., 2013). Unlike
OWRN, in Two Way Relay Network (TWRN), two
source terminals exchange their information through a
relay node and thereby doubling the data rate. The two
way transmission model, first explored by Shannon, is one
of the popular type of modern communications where two
source nodes simultaneously send information to each
other (Vaze et al., 2011). Many of the TWRN’s are
analyzed only in the flat fading environments. But most
practical wireless communication systems experience the
scattered and delayed propagation paths, which is modeled
as frequency selective fading channels. One of the
methods to analyze the system with frequency selective
fading is the OFDM which is capable of converting the

frequency selective fading channel into orthogonal flat-
fading sub channels (Gao et al., 2009; Rabiei et al., 2011;
Wang et al., 2010).

Network coding as proposed firstly in (Ahlswede ef al.,
2000) is a potential and powerful tool in designing
communication networks. Network coding has the
capability of combining and extracting information’s
through  simple Galois Field additions and
multiplications. However, it cannot resolve the
interference of simultaneously arriving Electromagnetic
(EM) signals at the receiver. Hence, in PLNC the
interfering signals are mapped to Galois field additions
of two digital bit streams, so that the interference
becomes the part of arithmetic operations in network
coding (Zhang et al., 2006). In PLNC, the interference at
the relay is utilized as selection diversity to improve the
throughput performance rather than treating the
interference as a degrading factor. A new type of
relaying scheme, called partial decode-and-forward was
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designed for TWRC with fading, along with space-time
codes that achieves full spatial diversity. The optimal
mapping functions at the relay nodes that could minimize
the transmission Bit Error Rate (BER) were proposed in
(Ding et al., 2009).

In OFDM systems, the degradation with
orthogonality due to the phase noise is the major issue.
The effect of Phase Noise (PHN) on the OFDM signal is
modeled in (Tomba, 1998), where PHN causes a rotation
of each time-domain OFDM sample by a random phase
drift. The sensitivity of the phase noise of the oscillator
used for frequency down-conversion is discussed in
(Armada, 2001). The effect of phase noise in the presence
of multipath fading environment is discussed in (Wu and
Bar-Ness, 2004). The influence of phase noise on OFDM
is analyzed in (Petrovic et al., 2007; Rabiei ef al., 2008).

In this study, the effect of phase noise on the OFDM
based bidirectional relay network is analyzed and the
tight upper/lower bounds for average symbol error
probability is also obtained. The degradation in the bit
error rate performance caused by the presence of carrier
phase noise is analytically evaluated. The max-log
approximation is adopted and the ML detection rule is
approximated to make the performance analysis tractable
(MinChul and Kim, 2010).

The rest of the study is organized as follows. The
system model in the presence of phase noise is presented.
In this study the performance of the system based on
signal to interference noise ratio and bit error rate are
analyzed. Outage performance is also analyzed at both
low SNR and high SNR regimes. The simulation results
are discussed and finally the concluding remarks are
addressed and summarized.

2. MATERIALS AND METHODS

2.1. System Model for OFDM  Based
Bidirectional Relay Network

Consider a bidirectional relay network consisting of
two nodes S;, S, and a relay node R where each node has
a single antenna and operates in a half duplex mode as
shown in Fig. 1. The channels between S; to R and S, to
R are assumed to be quasi-static frequency selective
fading such that the channel statistics does not change
within a transmission duration of one frame but can vary
from one frame to another. The baseband equivalent
channel impulse response between S; and R is denoted

byh= [h Lhy,.,hyp ,1], hy’s independent

identically distributed (iid) complex Gaussian with zero

are and
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mean and variance o; . The channel between S, and R is
denoted by g:[go,gl,...,gLrl] g;’s are independent and

identically distributed (iid) complex Gaussian with zero
mean and variance o, . L, and L, represent the number of

taps of the corresponding channel. The frequency
response of the channel impulse response vectors h and g

—j2nkl
Z h[1]

N
,k=0,1,2,...N-1.

are given by w, [k = 0,1,2,...N-1 and

Ly-1 —j2nkl

w,[k]= D" glle N

1=0
During Phase I, both the nodes S; and S, transmit
OFDM  signals with N information symbols
X, =[X,[0,%,[1],....%,[N~1], where j = 1,2 and a Cyclic

Prefix (CP) of length Lcp, to the relay node R via
Multiple Access Channel (MAC). The CP length Lcp
satisfies the condition that Lcp > max{L;-1, L,-1} to
avoid Inter-Symbol Interference (ISI). In an ideal case,
the transmitted symbols on all subcarriers k = 0,1,2,..N-1
can be ideally recovered from the received signal
samples. But, in practice, phase noise may present at
both the source nodes S;, S, and at the relay node. The
phase noise causes significant degradation in the
performance of OFDM based wireless systems. At the
receiver side, due to phase noise, the effective Signal-
to-Noise Ratio (SNR) is reduced. It increases the Bit
Error Rate (BER) and decreases the data rate. The
spectral components of phase noise that contribute to
the magnitude of the error cause the intersymbol
interference. It varies from subcarrier spacing, Af to the
total phase noise bandwidth. When the phase noise
bandwidth is greater than the subcarrier spacing, then
the intercarrier interference dominates over the
Common Phase Error (CPE). The phase noise at k™
subcarrier is given by Equation (1):

gion exp(%} 0<k<N-1

N-1

plk]=>"

n=0

M

1&. --’ - XZ[I\_

O—=O==C

—p Timeslot 1  — Tmne slot 2

Fig. 1. System model

AJAS



V.N. Senthil Kumaran et al. / American Journal of Applied Sciences 10 (11): 1335-1344, 2013

The time domain phase noise component, ¢, is
modeled as ¢, = ¢,.; + €, with the initial condition ¢y = 0
and Wiener process ¢~ N(O,cﬁ). The phase noise

variance, o> =2nBT , where B is the phase noise bandwidth
and T is the OFDM symbol duration. Assuming that the
phase noise bandwidth is smaller, relative to the subcarrier
spacing, it is assumed that perfect timing and frequency
offset correction is performed. The received signal at the
relay after taking DFT, is represented as Equation (2):

k] = [ VE, % [kIw, [K]+ /B, w, [KI%, [k]w,[K] |p[0]

+|: 2 X, [q]w,[q]+ 2 iz[q]wg[q]:|pr(q_k) (2)

q=0,q#k q=0,q#k
+n,[k]
k=0,,.N-landq=0,1,..N -1

Where:

E; and E; = The transmission powers at nodes S; and S,
respectively

n,[k] = Zero mean circularly symmetric complex

Gaussian noise with variance
o’,p[0] = The Common Phase Error (CPE) and p(q-

k) is the Inter-Carrier Interference (ICI) due
to the phase noise.

The phase noise element p[k] at the relay affects the
received signals as an angular multiplicative distortion in
the time domain. The relay detects the received symbols at
subcarriers k = 0,1,2,...,N-1. The transmitted symbol
sequences X, and X, are jointly estimated using Maximum

Likelihood (ML) principle at R The estimate of the k"
symbols of both the sequence is given by Equation (3):

{&,[K].%, K]} =

argmin k] —w, [k]%,[k] - w

(%, ()%, (K))eA?

k=0,1,..N-1

[kIX,[K]) 3)

g

where, A is the second order extension of the alphabet
A € {1,-1}. Using the joint estimation of the transmitted
sequences, a new sequence X,[k] is formed as
X;[k]=%,[kI%,[k].k=0,1.N—1. At the relay, OFDM
signal corresponding to the signal vector X;[k] is

generated by taking IDFT and appending CP of length
Lcp. In Phase II, the relay, R broadcasts the OFDM
signal to the destination nodes S; and S, over the
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broadcast channel. Assuming perfect timing and
frequency offset, the received signal at destinations y,[k]
and y,[k] at the source nodes S; and S, perturbed by
phase noise is given by Equation (4, 5):

yilk1=[ VE, & [K]w, [k |p[0]

1

{ > ﬁis[k]wh[k]}pdq—k] )

q=0,q#k

q
k]

— Il

+1,

yalk1=[JE,%, [k]w,[K1]pl0]

{ ) ﬁis[k]wg[k]}pz[q—k] (5)
q=0,q=k
+1,[k]

where, E,, is the transmission power at R and p;(q-k),
p2(g-k) are the Inter-carrier interference due to the phase
noise. fi,[k] and fi,[k] are circularly symmetric complex

Gaussian noises with zero mean and variances o, and
o., respectively. The ML estimate of X,[k] and X,[k]
at S; and S, respectively, are given by Equation (6, 7):

%,[k] = arg[kr]nin‘yl (K]~ VE,w, k%, 0] (6)
Xy cA

x,[k]= arg[kr]nin‘y2 (k] —JErwg[k]f(z[k]‘z @)
x| cA

Then, S, estimates X,[k]| by multiplying the symbol
¥,[k] with its own symbol X [k]and S, estimates %X, [k]
by multiplying the symbol §,[k] with its own symbol
X,[k] as follows Equation (8, 9):

f‘z[k] =¥ [k]il[k] ®)
%, [k]=9,[k]%, [K] ©)

2.2. SINR Analysis

The Signal-to-Interference Noise Ratio (SINR)
expressions for MAC and BC transmission modes are
derived. It is assumed that the CPE term has been
compensated. From Equation (2), the instantaneous
SINRs for the signals from S; and S, at k™ subcarrier,
conditioned on the individual channel knowledge, are
derived as Equation (10 and 11):

AJAS



V.N. Senthil Kumaran et al. / American Journal of Applied Sciences 10 (11): 1335-1344, 2013

w, |k ’
T - o
P(k—q)w,[k]| +o7
w, |k ’
Yz[k] o [ ]‘ 2 (1D
P [k] +G

where, gy, :E(‘il[k]‘z) and g, :E(

- 2
%K')

Using Cauchy’s Schwartz  inequality, the
denominator term is written as Equation (12):

2
N-

<Y [P(n)[' Y w (m) (12)

n=1 m=1

N-1
ZPk q)w,(q

q=0,q#k

In (12), the phase noise component can be written as
Equation (13):

S Jp(n) = (1-02) with o2 ~E([p(0) (13)

n=1

Substituting (13) in (12), it is rewritten as

Equation (14):

(a) =(1-07) X |w, (m)f (14)

Substituting (14) in (10) Equation (15):

2

[wi (k)

n[k]= — (15)
L0

X1

N-1

2. wi(a)

q=0,q=k

(1-07)

For small phase noise, the variance, ci of the CPE

term [p(0)] i.e., at k = 0 can be expressed as follows,
From (Wu and Bar-Ness, 2004), the energy of phase
noise component is expressed as:

L e e
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Since, the
cSphn = ZTEBTS = 2TEB/I{d

phase noise variance,
with data rate, Ry = 1/T,.
2

. o2,
Formulating forx = T"h , we get x=-—— and

. After several

N+1
forx=-— 7( +l)o ,wegetx:—i(NH)nB

2 R,
manipulations, the variance of the phase noise term is:

N+1
(N 1){( +6) = 66"+N}
1
ﬁ o o 2 -N ( k:O)
l—ﬂ‘i‘ﬂ
[ 4 24}

Neglecting the higher order moments the phase
noise variance is simplified as:

B[P |-

I\L{(N+l){(l\1+6l)m+0?’6m‘+N}—N1

(6N =7, (N+1)(N+2))

-
6N
[ oo (N+1)( N+2)}

N
d

Finally v,[k] and y,[k] can be written as Equation (16):

Hence, o) =1- , where Ry is the data rate.

v[k]= p— (16)

N-1

TBNT,
3

q=0,q#k

and similarly the SINR at the destination S, is given as
Equation (17):

[w (k)

N-1

7, [k]> T (17)

nBNT,
3

q=0,g=k

2.3. Bit Error Rate Analysis

In this subsection, the effect of phase noise on the bit
error rate at the relay and at the destinations is characterized.
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At the relay, the upper bound and lower bound of the
probability of error are given by Equation (18 and 19):

P, rety < Pheiy = Q(V2111KT )+ Q(y/21.[K] (18)
P, ety > Py = Q(y/2min (1,[K], v, [K])) (19)

The combined mixture y;[k], y.[k] and min[y,[k],
1.[k]] are exponentially distributed random variables,
FALSIALS|
(Ti[k]+ 7.[K])
where 7¥[k]=E[y,[k]] and ¥,[k]=E[y,[k]]. Then, using
(Simon and Alouini, 2005) Equation (5 and 6), the upper
and lower bounds of E[Prei.y] are given by Equation (20):

(Pl(vl[k]vz[k] ]<
nilk]+ (k]
E[Pe.Relay] <o, (?1[1(]) +¢ (?2 [k])

with mean 7%,[k],7,(k] and , respectively,

(20)

Where:

L [
1+ 71k]

@, (YIk]) = 5

Using the upper and lower bounds from (18) and
(19), the OFDM modulated instantaneous symbol error
probability at the destination are derived as follows, The
instantaneous symbol error probability Pgc; of the BC at

the destination, S; from relay, R is Py, :Q( 2y3[k])

and the instantaneous symbol error probability Pgc, of
the BC at the destination, S, from relay, R is

Pyc» = Q(21,[K]).

Where Equation (21 and 22):

2
Ys[k]: ‘Wh(k)‘
N-1 2 2 ’
NL Sy () +-% 1)
3 €
q=0,9#k x3[k]
i=12
2
IO
N-I 2 2 ’
NS (q)f +-% (22)
3 ¢ €
9=0.9#k x3[K]
i=12
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The transmitted OFDM symbols from S; and S,
undergoes two detections in cascade: one is the detection
at relay, R whose error probability is P reray and the other
is the detection at S; and S,, whose error probabilities are
Pgc1 and Ppcp. Then the BER at destination S; is given by
Equation (23):

Pdest,i = Pe,Relay (1 - PBC,i ) + (1 - Pe,Relay)PBC,i (23)

i=1,2

Averaging Pgeq; and Py, gives the instantaneous
BER at the destination is given by Equation (24):

1 2
Pdest = Ezpdest,i (24)
i=1
The upper and lower bounds of Pgg are derived in
the following theorem.
Theorem 1

The overall upper bound E[Pd‘jst] and lower bound

E[Pd';sl] at the destination are given respectively by
Equation (25 and 26):

def

E[P,,]<E[PL ]| =

@, (K1) + @, (7,[K]) +

(25)
2(7 [k [k 7 K] 7. K])

N | —

E [Pdcst] > E [Pd];st] d;f

[ 7, [kJ7,[K] ]
k] +7,0k]

S (26)
+EE(YI[k],yz[k]’%[k]’h[k])

Where Equation (27):

3(71 [k]jz [k]’% [k]’@ [k]) =
9, (?3[1(]) +9, (?4[1(]) -2¢, (?l[k])q)] (VA[k])
- Z(Pl (?2[1(])(1)1 (?3[1(]) - (Pz (?l[k],%[k]) - (Pz (yz[k]:?zx[k])

[l (nKI( Lk
\/yz[k]ﬂ"’z[ 7.IK] ’”HJ
_[wik (nIKI(+ kD)
\/y,[km"’z[ 7iK] ’Y“[k]j

P, (bl[k]abz[k]) =

1[ ¢, (b,[k],b,[K]) 51“‘](E+ fan ¢ [k]J (27)
2 n T \2 l
L {(Pz (b,[k].b,[k]) 52“‘](E+ . gz[k]ﬂ

2 T T 2
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where, 8,[k]=

e [] sen(0,(0K],0.1K]),
c[k] =8 [k]cot(¢p, (b,[k )) for i =1,2 with

@, (b,[K],b,[K]) == — [ } and

2
1[ 2[[1(]]] and sgn(.) is the sign

®, (b[k],b,[k]) =t
function.
2.4. Outage Probability Analysis
The outage probability for the k™ subcarrier for the

given data rate Ryis given by Equation (28):

P(R,)=P(log(1+7,[K])<R,)=P(r,[k]<2" 1)  (28)

For simplicity, the SINR vy5[k] expression in (21) can

be modeled as X/(aY + b).
Where:
N-1 2
X=lw, (k) Y=| 3 w,(q)| , b="E% and ¢ =
q=0,q#k 3 8x3
Therefore Equation (29):
X R
P(R,)<P| ——<274 -1 29
( d) (bY +c < ] (29)

In defining the substitution, X is an exponential
random variable with parameter A, and Y is Gamma

distributed random variable with scale parameter, N and
\'

shape parameter, v. The Cumulative distribution

Function for the random wvariable U:L with

exponentially distributed X and gamma distributed Y is
given by Equation (30):

FU(u,b,c):P( X <uj

bY +¢

(30)

oo (byu+cu)

:I I fx(x)fy(y)dxdy

0 0

Solving the integration using the appropriate PDF
functions we can get:

/////i Science Publications

F, (u,b,c)=1- exp(—kxcu)£1 + kabuj

v

Using (31), the outage probability is upper bounded
by Equation (31):

(2R 1)o2 /e 2% B
p(Rd)sl—e( )X *{H( 3)EBNT‘J (1)
\'%

At high SNR, it can be approximated as Equation (32):

(2% —1)mpNT, "
R)=—J = °
p(R,) v (32)
Where, NBT; is the PHN Level Percentage (PLP).

3. RESULTS

Monte Carlo simulation is carried out in MATLAB
to evaluate the performance of OFDM based
bidirectional relay network in the presence of phase
noise. The simulation parameters are tabulated in Table
1. Figure 2 and 3 shows the bit error rate
performance with various phase noise bandwidths.
Figure 4 shows the upper and lower bounds of the
average symbol error probability during the MAC phase.
Figure 5 illustrates the overall End-to-End average
symbol error probability with the upper and lower
bounds. In Fig. 6, the Outage performance for both
analytical and simulation results is also analyzed during
the End-to-End transmission.

4. DISCUSSION

Figure 2 shows the average BER performance of
OFDM based bidirectional relay networks for various
phase noise bandwidths assuming number of subcarriers N
= 1024. It is observed that the probability of error
increases with the increase in phase noise bandwidth up to
the maximum subcarrier spacing of 20 KHz. At low SNR,
there is no much deviation in the probability of error with
reasonable increase in the PHN bandwidth. In contrast,
during the high SNR regime, the deviation in the
probability of error is much high i.e., for the probability
error of 1072, 25dB more SNR is needed when the PHN
bandwidth is 10 KHz. Further it can be noticed that when
the phase noise bandwidth is greater than the subcarrier
spacing, the system performance deteriorates.
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BER at source 1 N = 1024 in the presence of PHN

107!

1072

BER

-3
107 +— No PHN

~—+>—Beta= 1 KHz

Beta= 10 KHz

1074k ~-f---- Bata= 2() KHz

f —<&—Beta= 30 KHz
10_5 1 1 1
0 5 10 15

20
SNR (dB)

[
h

Fig. 2. End-to-End average BERs of the OFDM based PLNC protocol with phase noise at N = 1024

BER at source 1 with N =512 inthe presence of PHN

10°
SSCooessoe s e
="
=
o Seg
100 F
=4
1072 F
=—— No PHN
—&—Beta=1KHz
Beta= 10 KHz
=-——Beta= 30 KHz
<—DBeta=40 KHz
107 ;
0 2 10 15

20

SNR. (or Eb/No) in dB

Fig. 3. End-to-End average BERs of the O

Table 1. Simulation parameters

OFDM signal bandwidth 20 MHz

Sampling interval 50 nano seconds

FFT size 512, 1024

Sub carrier spacing 40 KHz, 20 KHz

Cyclic Prefix length 16

Phase noise bandwidths 1 KHz, 10 KHz, 20KHz,
30 KHz, 40 KHz

% Science Publications

FDM based PLNC with phase noise at N = 512

Figure 3 shows the BER performance of OFDM
based bidirectional relay networks with the subcarrier
spacing of 40 KHz, OFDM signal bandwidth, BW =
20MHz and number of sub carriers N = 512. Finally we
conclude that by reducing the phase noise bandwidth or
by increasing the number of sub carriers we can achieve
the best performance.
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BER at Relay

=
107 e
=,
107 e
1 —*—Actual BER with beta=2 KHz “\fﬂ;q
107 H —<— BER LB with beta =2 KHz ==
F| —< BERUB with beta=2 KHz ==
10-5 & Actual BER without PHN A N
| —<— BER LB without PHN ==
] BER UB without PHN i
__l,f 1 1 1 |
107, 5 10 15 20 25 30 35 40
SNR (dB)

Fig. 4. Average symbol error probability with upper and lower bounds in the presence of phase noise at the Relay with N = 1024

Eind to end average BER

10°

BER at source 1

T

1077

107
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R ARRAL

1077

L T TTTT

-Actual BER without PHN
——+—Actual BER with beta= 1 KHz
BER UB without PHN
—+—BER UB with beta= 1 KHz
~+——BER LB without PHN

BER LB with beta=1 KHz

1

—6
10 0

5

10 15 20
SNR (dB)

30
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Fig. 5. End-to-End Average symbol error probability with upper and lower bounds in the presence of phase noise at the destination
node S; with N = 1024
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End-to-End outage probability

10°
-1 g %‘af‘“ﬁm
o 10 : é‘E‘,n e P R L e e
—_— I'_l.[] L ailla Y
% He =
R B [ *w
g 10 ==
ﬁn S
g = Analytical PLP = 0.05% B R
3 —=—— Analytical PLP = 0.32% e Px\a\
1073 —=—— Analytical NO PHN s wr
Simulation PLP = 0.05% e s
Simulation PLP = 0.32% =
= Simulation NO PHN h
T T T
0 5 10 15 20 25 30 35 40

SNR. (or Eb/No) in dB

Fig. 6. End-to-End transmission Outage probability for different PHN levels. Solid lines are the upper bound results while dashed

lines are the simulations N =512, R4 =2

Figure 4 shows the average symbol error probability

P ] at Relay, R for phase noise bandwidth of 2KHz

¢,Relay

B[
with upper bound, E [PfRe 1ayJ and lower bound, E[P&Re 1ay] .

Figure 5 shows the average symbol error probability
E[Pﬁmﬁ} of the BC at the destinations S; and S, with upper

bound, E[ } and lower bound, E[P;(,E] .

The outage probability of the End-to-End
transmission case for different PLPs is presented in Fig.
6. As it can seen from the figure, at high SNR the
analytical result is upper bounded.

PU

EtoE

5. CONCLUSION

The impact of phase noise on OFDM based
bidirectional relay network has been presented.
Simulation results show that the phase noise causes
severe distortion in the OFDM based bidirectional
relay system. The BER degradation is calculated for
various PHN levels. We have obtained both the upper
and lower bounds for the MAC and end-to-end BER.
The analytical and confirming simulation results of
the End-to-end outage probability is obtained. We are
further investigating the various PHN compensation
algorithms to improve the performance of the OFDM
based relay networks in the presence of phase noise.
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