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Homomor phisms on L attices of M easures
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Abstract: Problem statement: Homomorphisms on lattices of measures defined hen quotient
spaces of the integers were considered. These nesasere defined in terms of Sharma-Kaushik
partitions. The homomorphisms were studied in tewhgheir relationship with the underlying
Sharma-Kaushik partitionsApproach: We defined certain mappings between lattices air®h-
Kaushik partitions and showed that they are homeftiems. These homomorphisms were mirrored in
homorphisms between related lattices of measWResults: We obtained the structure of certain
homomorphisms of measure€onclusion: Further information about homomorphisms between
lattices of measures of the type considered haerdeabtained by investigating the underlying ¢atsi

of Sharma-Kaushik partitions.
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INTRODUCTION Definitions and notations:
Notation: Let R, = {0, 1,....,0-1} be the ring of integers

Systems of measures having different structure§iodulo d, 41{2,3,...}.
and properties have long been the subject of = ) N
investigation. Maharaffi studied a family of measures Definition:  Given kK, 2, ~a  partition
with orthogonality properties and Schrfitiproved that  P={By.B..... B, } of Fyis called an SK-partition if:
a particular ordered Banach space of vector messsire
a Banach lattice. Systems of measures satisfying B,={0} and g-aJB,if aDB,i=1,2, ..., m
compatibility conditions were studied by Niedereeit
and_Sooko@_'”, who obtained conditions under whicha. |t a0g and bo B: j=01,...m-1 and if |
?:f;\]rnaligc]i_ensny_can be exten(_jed to a density. S@(akmi precedes i in the order of the partition P, (wnitées

ami™ investigated the lattice structure of certain sets . . .

of lattices of measures defined on the quotientaspaf |>J_),_then min{a, g - at> min{b, q - b}
the integers. o Ifi>), (i,j0{0,1,....m-B)andi #m -1, then:

We consider mappings that preserve certain
elements of the structure of lattices of such messsu |Bi|2|B,-| and|Bm—1|2£|Bm—2|
namely homomorphisms. We investigate some of the 2
forms that homomorphosms may take.

The measures that we consider are defined in terms Where,|B| stands for the size of the s&t
of SK-partitions of the ring of integer's module The
studies&z(ﬂc these partitions have been conducted bMotation: A partition B={B,,B,.....B,_} is denoted by
Kaushik=™. .

We consider homomorphosms given in terms of aB:((l’b“Q Q”)) whereb, :|B'|" =L2,m- 1
function defined on the class sizes of the undeglyi
partitions. Later, we consider homomorphisms thafNotation: O, is the set of all SK-partitions.
change the number of classes or alter class siz@s i The concept of an ideal is well known in latticedhy,
pre-determined manner. Birkhoff[™.
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Definition: Let (L,<) be a lattice. A subset A of L is
called an ideal, if:

U a,bd0 A= al bl A
. alA andcOLOc<sa= cOA

Notation: Z/gZ is the quotient group of integers

modulo q with the discrete topology.

Definition: Given a partition P of f we define a
measurey, on Z/ gz as follows:

Me(i +02) =], ifi OB ,i =0,1,...,q- 1

Note: Clearly:

Remark: Clearly, from the above definition

P<s Q- |B|<|G|,i=0,1,...m-1.
Note: < is a partial ordering om,.
Note: Le tm<m' and:

A=(La.a...a4) B(( 1Lb.b.b)).

Note: In this study, the SK-partitions that we consider; j5 easy to show that:

must satisfy the condition that for each partitidre
class sizes never decrease as the subscript ofatbses
increases.

Definition: We define the class-size ordering, on
O, as follows. For elements P and Q@ :

P={8,.B,....B, }
And:
Q={C,.C....G, .} im0 {2,3,4,...
Where:

P = An SK-partition of
Q = An SK-partition ofF,;q,d0{2,3,..};0,d 0{2,3,...}

P<, Q= {m=<nl and the number of elements qf F

of weight w with respect to £ the number of elements
of F, of weightsw with respect to Qw=0,1,...,m- 1.

Definition: Let pp be a measure on Z/qZ apg be a
measure orz / 'z, where:

P={B,,B, ..B, .}

is an SK-partition of frand:
Q={Cy.C,,..Gy — 1}

is an SK-partition off;, . Also, letv, ={u [P0} . We
define an ordering on Mas follows: Foru,,u,0OM,.

HeS, Mo < {number of elementsof Z/qZ of
measure §number of elements @&/ gz of measure |
i=0,1,...m 1.

AlOB =
(@ma{a.g makap ..mhxa o
maxa,, b} .mak a, B} ...mfxa b}

ADOB = (Lmin{g b} .mq 3.8 ...mha, b} ,
and that (0, , <) is a lattice.

MATERIALSAND METHODS

Function on the class sizes:
Theorem 1: Let ¢ : 0, — O, be defined by:

QLG G Gy DE (@ Q) M) vt G0 )

for any element (19.9....g,,)) of O,, where
m0{2,3...} and f is a function from {2, 4, 6,...} to
{2,4,6,} .

@ is a lattice homomorphism if and only if f is non-
decreasing.

Proof: Let ¢ be a lattice homomorphism an, and let:

ABOO, O
A=(La.a...a.)
B=((Lh.b, ...l )

where, a,a,...8.,.b.,b,...b, are fixed, positive,

even integers. We assume, without loss of gengralit
that msm.
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Now:
@ (AOB)=q(A)Oq (B)
D(pf[((l,q,az ..... a-))0(( 1b b ,...mlql))]
~{df((La.a a0 ] D{wf[(( Lb b .---mtzl))}}

Dalwmaqa, b .maka p ,..mpa b
max{ a,.,.h} .mak a, .h} .. m{lxmal rﬁ'pl}

Df[maxalq}]:ma*(g }
Da>h=f(a =ma>{l(q,(q}
=1f(a,)=f(b,)

Since g@and h are arbitrary, f is non-decreasing.
Let f be non-decreasingkis clearly a function. Also:

a(A0B)=q[(La.a a0 1b.b .\p))]
a.b} maka.§ ...mex.a b}
=max{ a,,.h} .mak a, .h} .- méx 2, b}
=(Lf(maX a .4} ),i( mak a ;}) .....
f(max{am_l,bn_]}) f( max ., l;;}) :
f(max{a, , b,.}) s ( ma{< a, rpl}) '

= @ [1, max

= (@max{f(a) (b)) maq{ f(a) {( B} ..
max{ f(a,.,) .f( b, )} - ma%(qH) ( bn}
= max{ 1(2,..) (B} oma £ 2) £ b)) )
= (@ (a) H(a) ot @ DF

(CRICA TN}
=[@(A)]0[a (B)]

In almost the same ay, we can show that:
9 (A08)=[a (A)]0[a (B)]
Henceg: is a lattice homorphism fror, to O,.
Corollary 2: Definey, :y, — p,by:
Y0680 ) F (@ a) (g) {a))

for any element ((1400,...0m-))u Of Mp. U, is a lattice
homomorphism iff f is non-decreasing.

5 (4): 276-282, 2009

Inserting classes:
Theorem 3: Let:

_((1,2,2 2,2, ,
~ rtwos -

for any element((1.a .4 ,...3.,)) of O,, where ris a
fixed, arbitrary element of1,2,..} Ors m- 1
f, is @ homomorphism oy,

Proof: f, is clearly a function.
Let:

A,BOO, O

A=(1a.a ... %-1))

B=((Lbb,vnby )

For fixed,

arbitrary numbers m,m0{ 2,3, }

Om<m.
We show that:

f,(AOB)=[f (A)]O[f.B)]
f.(A DB):f,[((l,al,az,...,an_l)) o(( 16 b ,...hb_l))}
=fl(Lmax{a . g} maka.j .. méx,a b}

max g, , b} mak 4, R} ...mfx.a b}
=(122...2mak a p ,méx,a Jo
—rtwos -

max{ a,_,.h,} .mak a, .5} .

max{ 8, b} .ons ma{< a, hqb—l} )
=(122,..2,2a.,2 ,..2, )

« rtwos -

(1.2.2,..,2,b b b, )

— rtwos -
=[f.(A)]O[f. )] @)

We now prove that:

f,(a0B)=[f (A)]0O[f . 6)]
f,(AOB)=f[(La,a,,...8., )O( LR b ... b,)
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=fl(@min{a, b} ,mif 3.5 ... Now, sinceA,BOE ,:
min{,;, 8,4 )]

=(0,2,2,...2,mif a,p ,minfa b}, 23+ <3+ s < gt Ry

~ rtwos - And:
min{a,,;, b, )
=((1L,2,2,...2,2,2 ..., ) 2sbths<b+hs<.<h +h,
(@22,...2b,b,...b, ) D2<ma{a b+ hs mak a h+ fx
Lsma{ g ot
[f.(A)]O[f,(B8)] @)
ADBO , 3)
From (1) and (2), we conclude thati$ a lattice
homomorphism. Similarly:
Remark: f, mapsan element oftj, , to an element of OBOS, (4)

Op i, for eachm{2,3,.} .

. From (3) and (4), we see thdt;,<,) is a
Coroallary 4: Define ¢, :M, - M, by: ’
' sublattice of([J, <) .

‘l’fv[((l""l ERRR 9-1))p]:(( 12,2....5a,2 '””'L@)u Corollary 6: Let hy, Iy,...hy.1 be element§0,+2,£4,.} :
« rtwos -

M, = POO
for any ((La.a ... @1-1))“5 M, where r is a fixed n={id -

arbitrary natural numbeflr<m-1. And:
¢, is @ homomorphism on M

| | M:n ={H PO
Increasing class sizes:

Theorem 5: Let hy, hy, ...,h,.1 be elements of .
{0,+224,.} and let: (MP,m Su)
O ={(aya,na, )00, , | is a sublattice ofM, ., <p).
2<a+hs<a+hs . g+ N,
Then(D;msS) is a sublattice O(Dp,m,ss)- Theorem 7. Let & .h,h,,...., h., be as in the

previous theorem.

Proof: We prove that the g.Lb. and the L.u.b. of two  AlSO. letg:L% . — U, , be defined by:

arbitrary elements off; | are also in(; .

Let A and B be two arbitrary elements ©f , O: g[((l,q 8 e ﬁ}_l)ﬂ =(( 1 hax hoar )

A=(La.a....a.) for any elemen{(La . ....a.,)) of 0 .

g is a lattice homomorphism.

And:
Proof: Clearly g is a function that maps elements of

B=((1h,b ) 03, to elements ofJ, .

We show thatg is a homomorphism.

ADOB=(Lmaqa.g .mak a.p ... méx,a b} Let:
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ABOC,, O
A=(La.a.....a.,)
And:
B :((Lbl'bz ,.....,p]_l))

9(ADB)=gl(La,a s W(( 10D i)

=(@ma{aq.g+ h.mca b+ b
max{ 3, B4 + Hhs))

=((La+h.a+ h...a,+ h))O
(Lo+hbs ks )
=[9(A)] 0 9(B)]

Similarly, it can be shown that:
o(A0B)=[g(A)]O[g(B)]
Hence g is a lattice homomorphism of, .

Remark: If h;, h,...h,; are non-negative, even
integers anch,<h,<..< h_,, then3 =0, and gis

a lattice endomorphism.

Corollary 8: Let h,h,,....h,_ .M, andN,, be as in

Theorem 7 and Corollary 6.
Define:

¢, ML, - M

P,m

..... a)),[=((1& hoa hoar )

u

for any element((1a.a ... ﬁ'_l))u of M:,. ¢,is a

lattice homomorphism.

Selecting classes:
Notation: Let:

Oore={(1213 8, ) DO 12 f

where,e0{2,3,..}

Remark: Clearly 0O,,.is a sublattice of(,; for if
A,BOO, .then AOB and A OB would each have at
least e classes and 900B,A OB O O, -

Theorem 9: Let iy, Ip,...i.1 be fixed, arbitrary, natural
numbersQi, <i, <...<i,_, and let U be a mapping on:

Or., OU(L2,.2

=T

..... a.))F (La.a,.,a )
D((l,al.ag ----- @1-1))DDP2§_1

U is a homomorphism fromy, ,, to0, .

Proof: U is clearly a function.
Also, for any element:

((1131 Y- ﬁ_l)) ofl,, b

O U is a function fromO

bsi  told
2
Now, letA,BOD,,, [

P,re

A= (1.3, 8)
B

For numbers:

m', ' O 0, + 10, + 2,
Om'sm'

U(ADB)=U[(@.2,3 voea (105 )
=Ul@max{ 3.t .mak 2 .
max{ a'n’—l'bd—l} 'ma{< B2 ’p} !

max{ 8, B} .mak A, B} )
=(@ma{ g .5} .

s, o) kg, b
=((a, 2 a))0(( 10 b 0))
=[u(A)]o[u(B)]
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Similarly U(A 0B)=[U(A)]O[U (B)]. (m'zm)
Hence U is a lattice homomorphism ap,, . f (A OB)=f[(La, a8 ) (LB ,B ,ohy )
=fl(Lmax{a b} \mak a .8 |
Notation: Let M, ={uJPO0,, } whereen{2,3,.} oma{ g b ) mak AL

max{ g, .0 ..mafk A, P} )
=((Lky Kook g maf @ mdx g, b}

Remark: M., is a sublattice of M

Corollary 10: Let i,i,...,i_, be as in Theorem 9 and .., max a., .h.} .mak a, .j
let y, be a mapping on: max{ a,_, b} v mak a, b} )
Mo, DB l(La,a,,.08,, ) ] Where:

(e n)), (122 )0 M, k={max{a,b} fmaf <

i t if bl >
¥, is a homomorphism fromm,, to M, . ' fmax{a b} > 1

Reducing some class sizes: (fori=1,2....s- }
Theorem 11: Let t,t,,...,t._, be positive, even numbers
Ot, <t,<..<t_, and let f be a function on: S (TR VAP VIPINY- TY- PR - P
(LviVo gy sty )
lLa.a,
O0,.. Of =(1,h,,h,,..., &, e
Ps K(aml]ﬂ Lhh, 88 Where:
(a8 n8)) 005, 4 ifa<
A Tt ifa >t
where:
_Ja ta <t (fori=1,2,...s- }
i_{ti ifa, >t
And:
for i=1,2,...,s_ Lne < b ifb <t
f is a lattice homomorphism from,_ tol, where | v :{t.l b ot
is the ideal: -
(02,8 ey W05 ] S 1 12308 (fori=12...s )
of Of(ADB)=[f(A)]0[f B)]

(DP,zs'S ) Now:

Proof: f is clearly a function. Also for any two f(a0B)=f [((1""‘1'62 """ 3.4)0((16.b ... pl)ﬂ

elements A and B of: {{[Lmin{q 6 .mif 2 .5 }H

Do CA=(Layay,a,)) [ min{ g, , ., }
= (@ Lyl min{ b} ,mid & ..} ..
B=((Lb.b, b)) min{a, 1,0, )
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Where:
| = max{ 3 , b} .ifrcir{ a.pst
' t; ifmin{a,,h} >t
=(1,w1,w2,...,ws_l,as 1&g )lﬂ
(@ %Xy X 1 BB 4By 1)),
=[f(A)]O[f )]
Where:
W:{a ffast
ot ifa >t
(i=12,...,s-}
And:
(b ifb <t
X1 b, >t
Where:
(i=1,2,....s-}
Corollary 12: Let t,t,,...,t._,,and | be as in Theorem
11. Also let:

1, ={u POt}

Define: yony,,, by:

o[(Laa s, [=((2h b b e d)
O((1a.a ,...,g_l))ulj M, .

h, ={"’“
ti

(i=1,2,...,5 } ;e <

N

Where:

ifa <t
ifa, >t

W is a lattice homomorphism from,, to I,..

RESULTSAND DISCUSSION

between lattices of measures defined in term of SK-
partitions.

This study furthers the study of systems of

measures and relationships between such systems.

CONCLUSION

Using the approach used in this study, it is fgmesi

to do further study of lattices of measures defimed
terms of SK-partitions by investigating latticestbése
partitions.

~

We have shown that there exists various lattice

homomorphisms from lattice of SK-partitions toilzdt
of SK-partitions and that similar relationships stxi
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