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Introduction

The simply typed lambda calculus enriched with the
let-expression is the core of most functional
programming languages like ML (Harper, 2011) and
Haskell (Thompson, 2011). One of the key properties of
this type system is that it supports parametric
polymorphism that allows a part of a program to be used
with different types in different situations. It was first
studied by Hindley (1969) in the field of combinatory
logic and later independently by Milner (1978). This
type system is often referred to as ML-style or Hindley-
Milner type system. One of the key properties of this
type system is that every well-typed term has a most
general type. The computation of the most general type
is called principal type. Algorithm W is a well-known
type inference algorithm in the literature for the Hindley-
Milner type system (Milner, 1978; Damas, 1985; Damas
and Milner, 1982; Urban and Nipkow, 2009). The
algorithm is based on Robinson’s unification Algorithm
(Robinson, 1965). In this study, the calculus A, is
introduced as an extension of the Hindley-Milner type
system to include a multi-abstraction, a simultaneous
application and an explicit simultaneous substitution.

The multi-abstraction;,u(xl,...,xn).M abstracts a

sequence of variables xi,...,x, in M. The simultaneous
application; Me(|Ny,...,N,|) applies all the arguments
Ni,...,N, to M simultaneously. The explicit simultaneous
substitution, M<x,,...,x,: = Nj,...,N,> has a number of
substitutions rather than one substitution. It has the
advantage of performing all of the substitutions,
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<x, =N, >1<i<n, in parallel which reduces reduction

steps and consequently decreases programs execution
time. The multi-abstraction of A, calculus resembles
in some sense the simultaneous abstraction defined by
Ruhrberg (1996) but it has the advantage of saving the
usual a-equivalence between all terms. The author
introduced a simple simultaneous calculus where the
usual lambda-abstraction over a single variable is
replaced by abstraction over a set of variables, terms are
applied to records assigning terms to variables. This
system overcomes the strict ordering requirements of the
standard A-calculus, as a consequence of the un-ordered
variables, the system partially lost the a-equivalence.

The Ajenmy calculus can be used to represent contexts;
terms with some holes. For example, writing [.] for a
hole, the term (4y.[.]) is a context. The distinctive feature
of contexts is filling its hole with a term, in which some
free variables may get captured and become bound. For
example, if the hole of the context (Ay.[.]) is filled with
the term x+y, the term (Ady.x+ty) is obtained in which the
variable y becomes bound by Ay. This feature is called
variable capturing or capturing substitution. Capturing-
substitution is different from the usual capture-avoiding
substitution of the lambda calculus which avoids variable
capturing by applying the a-conversion rule when it is
necessary. The main problem in computing with
contexts, in the framework of the lambda calculus, is
when the - reduction is directly performed on contexts,
some terms may be lost. To see this problem, consider
the context Ax.(Ay.[.])(2+z), if the hole of this context is
filled with the term x+y, the term Ax.(dy.x+y)(2+z) is
obtained. By p-reducing this term, we get the term
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Ax.x+(2+z). On the other hand, if the f-reduction is first
performed in the term Ax.(Ay.[.])(2+z), we get the term
Ax.[.]. Then, by filling the hole of this term by the term
x+y we get different result Ax.x+y. That is, the p-
reduction and filling holes are not consistent and
consequently the confluence property is lost. It is
remarkable that, the correct result is Ax.x+(2+z). The
term 2+z is lost when the p-reduction is performed
before filling the hole.

This problem can be solved by using A, terms to
represent the context Ax.(Ay.[.])(2+z) as:

/bc.(iy.Xo(

xy)))@2+2)

where, the hole is represented by the variable X applied
to the sequence of variables x, y using the new
simultaneous application e. The type of the variable X is
(|r1-7,]) = v. where the type variables 1y, T, are the types
of the variables x and y respectively (the variables
intended to get captured after filling the hole). To fill the
hole of the term Ax.(Ay. X ¢ (| x,y|))(2+2z) with the term
x+y, the new multi-abstraction term u(x,y).x+y is
substituted for X in this term, to get:

Ax(Ay(u(x,y)x + y) o ([ X,y ) (2+2)

The underline subterm can be reduced by the
reduction rules of A, to the term x+y. Therefore, the
above term is reduced to Ax.(Ay.x + y)(2+z), which can
farther be reduced to Ax.x+(2+z) as required.

On the other hand, if the S-reduction is first performed
in the term Ax.(Ly. Xeo(|x, y|))(2+z), we get the term:

. Xeo(Jx, (2 +2)|)

The term 2+z is stored in the variable y, of (Jx, y|), in
case if the f-reduction is performed before filling the hole.

Filling the hole of this term with the term x+y is then
achieved by substituting the new abstraction u(x,y).x+y
for X to get:

Ax(u(x,y).x+y)e(x,(2 + 2)))

The underline subterm can be reduced by the reduction
rules of A, to the term x+(2+z). Therefore, the above term
is reduced to the term Ax.x+(2+z) as required. In this
representation, hole filling and f-reduction commute, that is
the formalization is confluent.

Note that, the order of the variables in the
simultaneous application as well as in the multi-
abstraction are given according to their lexicographic
order, e.g.,:

Az.2x. 2y (p(x,y.z).M ) (| x,y,z]) and
Axy.Ax, .(;t(xl ,xz).M)o (| X\, X, \)
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There is also another problem in computing with
context. Consider the context Ax.[.]. If the hole of this
context is filled with x we get the term Ax.x. This term is
o-equivalent to Ay.y. It is desired to find a representation
of a context which is a-equivalent to Ax.[.] and which
is at the same time when filled with x becomes Ay.y.
This is achieved by using A, terms to represent the
context Ax.[.] as Ax.(Xe(|x|)) which is a-equivalent to
Ay.(Xe(]y])). Filling the hole in each of these two
contexts with the variable x is achieved by substituting
the new abstraction u(x).x for the hole variable X in
these two contexts to get the two terms
Ax.(u(x).x)o(|x]) and Ay.(u(x).x)e(|y]) respectively.
These two terms are respectively reduced by the
reduction rules of A, to the two a-equivalent terms
Ax.x and Ay.y respectively as required.

There has been several contributions to the field of
formalization and computation with contexts, e.g.,
Hashimoto (1998); Hashimoto and Ohori (2001);
Bognar (2002); Sands (1998); Sato et al. (2002); Taha
et al. (2002) and Tobisawa (2015); among these only
the system given by Hashimoto (1998) is an ML-style
polymorphic type system with a sound and complete
type inference algorithm. This system is based on the
simply typed system Hashimoto and Ohori (2001), in
which hole filling and p-reduction rule can be
combined under a restriction that a term containing a
hole cannot be fS-reduced.

Using Ay to represent contexts, holes of contexts
are represented by the normal variables, the type of these
variables includes the type of the variables that intended
to get captured after filling the hole. The usual lambda
abstraction is used to abstract hole variables. Filling
holes is represented by the usual application and the new
multi-abstraction which represents the variables intended
to get captured after filling the hole. The fS-reduction and
filling holes can be combined without restrictions. A
context is a first-class object; it can be passed as
argument and returned from functions. Filling holes is an
explicit operation; it can be computed within the system.
In this representation, there is no need to use any specific
operations for context; the ordinary lambda abstraction
and application can be used together with the new multi-
abstraction and simultaneous application as indicated
above. The A, calculus has a subject reduction
property, is confluent and has a sound and complete type
inference algorithm. The calculus also has an explicit
substitution in the sense of Bloo and Rose (1995). The
explicit substitution describes the details of the
computation process; it distributes the substitution
through terms to be finally evaluated at variables. The
explicit substitution is important to make the process of
executing the reduction explicit as a part of the calculus
rather than implicit at the meta-level. Moreover, the
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explicit substitution of the A, has a number of
substitutions rather than one substitution. It has the
advantage of performing all the substitutions
simultaneously which reduces some of the reduction
steps and consequently reduces programs execution
time. Last, in comparison with some other formalization
the ordinary a-equivalence is defined for all terms.

Since holes of contexts are place holders for some
unknown terms, filling holes with terms has the effect of
dynamic binding which enables a given program to
interact with other programs dynamically. This
mechanism can be useful in systems like distributed
programming and mobile computing. We refer to
Hashimoto and Ohori (2001) for a detailed explanation
for contexts applications. The calculus can also be used
in other applications that needs to abstract a sequence of
variables at a time, needs to apply all the arguments
simultaneously and at the same time needs to keep the a-
conversion between terms.

Materials and Methods
The Calculus
Types

The types of the A, calculus are defined by the
following grammar.

TV = ; type variable
b ; basic type (e.g., int, )
[T =0 ; function type
| (7)), = v ; multi-function type

The multi-function type (|7 ]), = v is an abbreviation
of (|ty,...,Tu|)n = v and ne N, where (|7 |),is an n-tuple

(The braces (| , |) are used instead of the usual (, ) which
are used to group terms). The type schemes are defined as:

o T |Vao

A type scheme is a type that may contain
quantification of type variables at the outermost position
only. Let af,y,01,01,Y1,-.. range over type variables,
1,0,G,T1,01,G,... over types and ©,61,... over type
schemes. The type scheme o VYo Vo,...Va,t is
abbreviated as Va,a,...a,.t, or Va.t . In this type, the type
variables aj,...,a, are said to be bound in o. Type
variables that occur in 7 and are not bound are said to be
free in 6. We write FTV(c) for the set of free type
variables of . If FTV(r) = 0, then 1 is said to be a
monotype. A type scheme is closed if it has no free type
variables. We assume a-equivalence on V abstraction.
For instance, Va.a is a-equivalent to Vf.5.

The set FTV, is defined inductively over 4, types as:
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FTV(a) = {o}
FTV(b) = 0
FTVt=v) = FTV()UFTV(v)
FIV((T)), =v) = FTV(®)UFTV(v)
FIV(Va,6) =  FTV(o)—{a}

where, FTV (7) = FTV(t))u...U FTV(z,).

A type substitution, S, of types for type variables is a
function that maps from type variables to
types[rl e, ,...,rn/anJ, where each 7, /a, is called a
component of S and all a;, 0<i<n are distinct. This
function will be shortened to [1/7] The domain of S,

dom(S), is {al,...an}. The codomain of S, cod(S),
is{rl,...rn}. The set of variables in a substitution S,

Var(S), is dom(S) WFTV (7). The empty substitution is

denoted by [ ]. The composition of two substitutions S
and R, denoted by (S °R) or SR. If ¢ is a type scheme,
then (S°R)o, SRo or S(Ro), is the substitution which has
the same effect as applying R then S to o. The
substitution SR is a new substitution constructed from S
and R by first modifying R by applying S to its
components and then adding the components of S not
found in R. Therefore, if S = [rl e, ,...,rn/an] and R

=[v, /B, ....v,/B, ] then SR is a new substitution:

[Su1 /B S,/ B, 1, |y ,...,rn/an]

this substitution should be adjusted by deleting any
binding Sv, /g for which Sv=8, and any binding

7, /a, for whicha, €{f,.....3,} . Finally, the substitution
S'is said to be idempotent if and only if SS=S.
If o is a type scheme and S is type substitution [/« ],

then So is a type scheme obtained by replacing each free
occurrence of @; in ¢ by 1,. S is defined inductively on
Atenmx typES as:

[77a]a

[c/a)p = B.if Bela)

[7/a]p =b

(Ta](u =) -[77a]n =[7Taln

[ )((B D, = v,) = (/e |) =[/a]v,
Vﬂ.[%]a,ifﬂ ¢{a)

S andp ¢ FTV (7)

t/a|(Vpo = -

[ J( ) Vy.[r/a}([y/ﬁ]a),
othewise.
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A type scheme o, is an instance of o, if 6; = So, for
some substitution S. A type scheme o; = Vf;...0,.7; is
ageneric instance of 6, = Va,...0,.1T,, written as o, > o, ,
if there is a substitution S with domain {a,...,a,} s.t. 1, =
Sty and f,1 <i <n, are not free in c,. For example, int
= int is a generic instance of Va.a = a, written as
Va.a = a>int=int, where S = [int/a]. The relation >
is reflexive and transitive.

The following Lemma shows that = is preserved by
substitutions.

Lemma I (Damas, 1985)

If o, > o, then for any substitution S, So, > So, .

Terms

Assume V'is a countable infinite set of term variables
xy,x,y1,.X Y, X, Y1,.... We use capital letters X)Y,... for
hole variables; variables of type (|7 [) = v.The terms of

Arenmx are defined by the following grammar:

M,N :: =x :variable
| Ax.M sabstraction
| MN sapplication
| let x: =MinN ; let polymorphism
[IM< x: =N > explicit simultaneous substitution
[, (x).M s multi-abstraction
| Me (| N |)n ssimultaneous application

where, the variables x,x;,x,,...,x, range over V. The term
Un(X).M is an abbreviation of p,(x,,...,x,). M, the term M

. (| N |)n is an abbreviation of AMe(|Ny,...,N,|), and the
trem M < x:= N > is an abbreviation of M < x;:= Ny,...,x,
= N,>, where neN. It is clear that the x;’s in u,(X).M
and in M < x:=N >should be distinct. When it is clear,
the index » in u,(x).M and Me(|N]), will sometimes be

omitted.
The set of free variables in a term M, FV(M), is
defined inductively on ;,,,, term M as:

F(x) = {x
FV(Jx.M) = FV(M)—{x}
FV(MN) = FV(MYUFV(N)

FV(letx:=MinN) =

FV(M<x: =N >) =
FV(pa(x).M) =
FV(Me(IN]))

(FVIN)={x})OF V(M)
(FV(M)—{x}) UFV(N)
FV(M)— {3}
FV(M)OFV(N)

where, FV(N) = FV(Ny) U...OFV(N,).

Two terms M and N are a-equivalent, written as
M=N, if they are identical except for the renaming of

bound variables bound by 4, by x;in M <x=N >, by x
in let x:= M in N or by x;in u,(x).M. This equivalence is

defined inductively over A, term M as:

1. x=x
2. AxM=yNif  (M[z/x])=(N[z/y]).for  some
z&FV(MN)

3. MN=PQifM=Pand N=Q

4, letx =MinN=lety =M in N if M=M
and N|[z/x]= N'[z/y], for z& FV(NN')

5. M<x=N>=P<y:=0>, if there are distinct iy,...,i,
for some {Z}NFV(MP) =0, where,z,.....z,are
mutually distinct.

6. m(Z).M = p,(3).N, ifM[z/y]EN[z/y], for

some{Z} "FI'(MN) =0,  where,  z...z, are
mutually distinct.
7. Me(|N|) =Ps(0l) if M=Pand N, =Q, for
i=1..,n
Note that:

In 5 above, the number of Xxand ¥ variables

inM <x=N >=P<y:=0>should be equal
o IfM=N,then FV'(M)=FV(N)

In the definition of the a-equivalence above, the
capture-avoiding meta-level simultaneous

substitution M[N /x] is obtained by substituting N; for

x,I<i<n in M simultaneously. The substitution

M [N /x] is defined inductively on ;. term M as:

. x [ﬁ] =N,

2. y[m:l=y,if ye{x}

3. (ly.M)[ﬁ]=iy.M[ﬁ],
ye FV(N)

4. (MP)NTx]=(M[N7x])(P[N7%))

5. (ety:=Min P)[N/x] =lety = M[N/x] in

ifye{x} and

P[N/x],if ye{¥}and ye FV'(N)
(v <3=P>) [NTx) =¥y rTs)s i
{x}n{y}=0 and

IS

(B} Fr(N)=0
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7. (a(@)M)[NTx]=u(@)(M[N7x]). if F}~(F}-0 and

(I} FV(N)=0

Typing Rules

A type assignment, T, is a set of assumptions of the
form x: o. If ' = {x;: 0y,...,x, : 0,}, then dom (I') =
{x1,...,x,} and I'(x;) = o,. If V is a set of variables, then
the restriction of I" to the set V, I' | V, is {x : 6| x €V and
o=T(x)}. A typing judgment is an expression of the form
I'+ M :q, where I is a type assignment, M is a term and
o is a type scheme. The set of free type variables of a
type assignment, FTV(I), is defined as:

FTV(0)
FIV(T, x:0)

0
FTV(I)UFTV(c)

The following abbreviations are often be used:

xio-M:0, for {x:0}FM:q,
I',x:0F-M:g, for 'U{x:6}FM :0,
FM:o for Mo

Substitution over type assignments is defined as:

S(0) 0
STx:0) = ST)x:S(c)

The type assignment I has an instance I if and only
if there exists a substitution S such that S T =T". A
typing judgment I~ M :¢'is an instance of I'-M : ¢ if

If T is a type assignment, the closure of a type
scheme ¢ with respect to I is Clos(I',c) = Va.o, where

a=FTV(c)-FTV(T). For example, if T'is{x:vVaa >y}
and 6 is # — v, then Clos (r,6)=Vg5 -y -

Assume that ' contains at most one assumption for
each variable x. The type assignment I, stands for
removing any assumption x from I'. The notation, x:o is
used as an abbreviation forx, :0,,....x, 10, . The typing

rules of ;. that are used to derive a typing judgment of
the form T+ M : o, are defined in Fig. 1.

A term M is called fypable (or well-typed) if and only
if there exist I" and 7 such that we can derive I'+ M : 7 by
using the A, typing rules.

Lemma 2 (Milner, 1978)

Let S be a substitution, I" be a type assignment and z
be a type, then:SClos( T.t) =Clos(S'T, S't), where

s =S[ﬁ'/a:|, a=FTV(r)-FTV(T) and B are fresh
type variables.

Lemma 3 (Damas and Milner, 1982)

If S is a substitution and I'M : ¢ holds, then:
SI'M : So also holds

Lemma 4 (Damas and Milner, 1952)

If 6,0, and I' ,x:0, - M: 5, then:

there exists a substitution S with ST € T" and ¢'= So. I'xio, Mo,
—(Vﬂr)
I'x:o0 Fx:0
I',x:t-M:v I'M:r=>v I'bEN:7
: (abs) (app)
I'FAxM:t=v I' FMN:v

I'tM:o, ag FTV(T)
I' FM :Vao
I'M:o

(typeGen)

r

FM:o, (0'1 >c72)

I' ,x:ocFN:7

(inst)

I'=M:o,

I'bletx=Min N:t
I'EN,:0,..'EN, 0,

s,

X

X, 10,,...%,:0, FM:7

(Zet)

IT'EM<x=N>rt
FI—M:(|?|)H:>U

Fx,EI—M:U

Abs)

(expSub)

I'EN, 7, ..'EN, 1)

Thp, (x).M: (7)), =0

THMe(|N|) :v (s4pp)

Fig. 1: The typing rules for Az,
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Reductions

The reduction rules, —, , of 4, are the union of

yyyyyy

the following reduction rules, »,, —,,, —, and —>_:The
reduction rule —, is defined by the rule:

(4) (AxM)N—>, M <x=N>

The reduction rule —,, is defined by the rule:

(let) letx=NinM —>, M <x:=N >

let

The reduction rule —, is defined by the rule:

(m) (1, (F)-M

Note that, The order of the variables x, (i=/,

Je( N, >, M<x=N>
.n)in
#4,(X) is important and there is no reduction for the term

(4, (f).M)-(m)m when n# m.

The reduction rule —_ is defined by the following

6 rules:

(xVar) X, <x=N>->_N,.

(g0) M <x=N>—_ M.if {T}nFV(M)=0.

(xAbs) (AyM)<x=N>> AyM<x=N >,
if ye{x}.and yg FV'(N).

(xApp) (M, M) <x:=N >>
(M1<x::N>)(M2<x::N>)

(XmAbS)( (v )M)< =N>> p,(¥).M<x=N>
if {x}~{y}=0 and {3} "FV(N)=0

(Me(IND,)<x=P>>,

(xsApp)

(M<x:=P> -(N<x=P>‘).

Let R = {4, let, m, x}, we write M —, N, if N is
obtained from M by replacing a subterm M, in M by N,
such that M, —, N,, where r eR. The reduction —, is
the union of the three reductions —,, —,and —,, where
qr,s €R. The reflexive and transitive closure of the
reduction — is denoted by - .

Example 1
The term:

(ﬁX.(ﬂx./ly.X o(|xy |))zx)(,u(x,y).xy)

is reduced by A, reduction rules as:

750

(ﬂX.(ﬂx./ly.X 0(| X,y |)):x)(,u(x,y).xy)

-, /1X /1yX |x,y|))<x:=:>x)(,u(x,y).xy)
>0 (AN (ApX o (120 1) %) (u(x.) )
>, (AXXe(zyl)<y=x>(u(x.y)xy)

AXX (| 2x])) (w(x
Xe(zx]))< X:=
(x.)x) e (1=.x1)

. ()<x: =zy=x>

X

))

(
(
(
(
( ( (x.2)v)>
(u

%

=

Properties of the Calculus

In this section, we show that A, has the subject
reduction property (Theorem 1) and the confluence
property (Theorem 2). The subject reduction property
insures that the type is preserved by reduction and the
reductions never introduce new free variables. The
confluence property guarantees the uniqueness of the
result if it exists.

Subject Reduction

The following proposition and Lemma are needed in
the proof of the subject reduction theorem.

Proposition 1 (Milner, 1975)

If I'+M:¢'is an instance of a provable typing
judgment I' M :othen I - M : ¢’ is also provable.

Lemma 5 (Barendregt, 1992):

I.
2.

If I'tM:othen FV (M)c dom (')
If I'EM:othen I'| FV(M)FM o

Theorem 1 (Subject Reduction)

If '+M:¢ and M—)Zm N, then I'N:o.

Proof

By induction on the derivation of I' FM : 7 using
Proposition 1 and Lemma 5.

Confluence

To show that the reductions —,,,. is confluent, we
first show that the reduction — is confluent.

Lemma 6

The reduction rule —, on A, terms is neotherian
and confluent.
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Proof

To show that —_is neotherian, the length of a term

,is introduced as:

1. ‘x‘:l
2. |MN|=|M|+|N|+1
3. |axM|=|M|+1
4. |letx=MinN| = |[M+|N|+1
5. [M<x=N>=(N|+1)|M| where|N|=|N,|+..+ |N,|
6. |u,(X)M| = |M|+n
7. |Me(N]|=|M|+|N|+1
It can easily be verified that

M —_ Nimplies|M|>|N|. Then, by checking the
overlapping cases, it can easily be verified that —_is

weakly-confluent and by Newman’s Lemma, the
reduction rule —_ is confluent.

A Aoy term M is said to be x-normal if M—,N holds
for no N. From Lemma 6, it is clear that for any A,
term M there uniquely exist x-normal term N such that
M —. N . We will write x(M) to denote N.

Next, the parallel reduction (Takahashi, 1989), = on
x-normal Ay, terms is defined as:

1. x=x
. IfM=N,then AxM = Ix.N
3. IfM, = M,and N, = N, ,then

(Ax.M,)N, = x(M,<x=N,>)
If M, =>M,and N, = N, ,then M| N, = M,N,
5. IfM = N,then u(x).M = u(x).N
6. IfM=>NandP =Q ,1<i<n,
then (u(x)-M s (1P[)=x(N <x=0>)
7. If M=n~andp, =0 .1<isn, then ye(|P)= Ne(0)
8. If M, =>M,and N, = N, , then
let x:= M, in N, :>x(N2 <x=M, >)

Then, with each x-normal term M, we associate an x-
*
normal term M as:

x* =X

(AxM) = AxM"

((zx.M)N)* = x(M* <x=N'>)

(MN) = , if M is not a 1 abstraction
(u(%) ) W(F)A
(

( Mo|P|)) —x(M*<m>)

A O T e

~

(Mo(P)) :=mo(P')if M is not a multi-
abstraction.
8. (letx: =Min N)* :=x(N‘ <x=M" >)

It can easily be verified that:

1. The parallel reduction relation is reflexive, i.e.,
M=M

2. M= M" holds for any x-normal term M
3. If M, =>M,, thenx(M,)=x(M,)

Lemma 7
IfM, = M,,then M, >, . M,.
Proof
By induction on the construction of M.
Lemma 8 (Substitution Lemma)
If M is an x-normal term, then:
x(M < x=N>< m>)zx(M <@><TFQ>>)9
where N and O are A, terms, {¥}n{y}=0 and
(X}nFV{y}=0.
Proof

By induction on the construction of M such that M is
x-normal term.

Lemma 9

Ifx(Ml)zx(Mz) andx(N,)zx(R ),lSiSn,, then

X(M, <x=N >)DX(M2 <x=P >).
Proof

By induction on the construction of x(M;) such that
x(M,) is x-normal term.

Lemma 10

If M, —,,....M,,then X(Ml):x(Mz)

Alet.m

Proof
By induction on the construction of M.

Lemma 11

If M, —, M, , then x(M, )= x(M,).

Proof

Immediate from the reflexivity of = .
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Remark 1

From Lemma 10 and Lemma 11, we have:
If M, -,,.. M,,then X(Ml):X(MZ).

Aletmx

Lemma 12

The parallel reduction = on x-normal form is
confluent.

Proof

We can easily verify that if M = N, then N = M,
the confluence of = follows immediately from this fact.

Theorem 2 (Confluence)

The reduction —,,, ON Ay terms is confluent, that
is, if M —;,,.N and M-, P, then there is a term Q

Aletmx Aletmx

such that N =3, Qand P, O.

Aletmx

Proof

Suppose that M —7,, N and M -7, P, then from

remark 1, we have: x(M) =" x(N) and x(M) ="x(P),
from the confluence of = , there exists Q such that x(N)
="Q and x(P) =" Q. From Lemma 7, x(N) —’,,.. Q and
X(P) =% Q. Since N—7, x(N) and P —,,.. x(P), we

Aletmx
have N—>7,,..Qand P—;,, Q.

Aletmx
The Proposed Type Inference Algorithm

A Type inference algorithm decides whether a
given term M has a type or not; it takes M and T as
inputs and produces a principal (most general) type
(Principal types is different from principal typing. An

algorithm for principal typing takes just M as input
and gives both I' and ¢ as outputs. Many languages
have principal types but not principal typing Jim
(1996)) for M if it exists.

It is known that Hindley-Milner typability is
decidable, i.e., there is an algorithm which computes the
principal type scheme of any term. One of the best well
known type inference algorithm in the literature for
Hindley-Milner type system is algorithm W (Milner,
1978; Damas, 1985; Damas and Milner, 1982; Urban
and Nipkow, 2009). Given M and I, algorithm W finds a
substitution S and a type 7 such that’s '+ M : o .

The type scheme o is called a principal type scheme,
Damas and Milner (1982), of M under I" if and only if:

' M :o holds
If '~ M :6'holds, then o > o'

l.
2.

Algorithm W depends on Robinson’s unification
algorithm, (Robinson, 1965), which takes a pair of types
and either returns a substitution S or fail, where S unifies
the pair of types.

The Unification Algorithm, Unify

The unification algorithm, Unify, is defined for A,
types as in Fig. 2. Item 5 in this algorithm catches all
cases that fail if none of the previous cases apply, e.g.,
Unify (r =v.b) , Unify (z =0.(|v,.....v, [)=7,), etc. This
means that, Unify (t,v) fails if T and v are two different
non type variables. It is clear that:

Unify(t,v) °S fails if Unify(t,v) fails.

1. Unify(z,7)
2. Unify(a,7) or Unify(r,@)

3. Unify(t, = 7,,0, > U,)

1. Unifp((0--0,) =7, (16106, ) =2 75) =

5. Unify(z,0)

[
fails  if a e FTV ()
(Occur Check Failed)
[T / 0:] otherwise
S, ,where
S, = Uniﬁ/(rz,uz)
S,= Unify(S,7,.8,0,)°S,

S

n+1°

S,=Uniﬁ/(rl,72)
S,.= Unify(S,0,.5,¢,)°S, i =1....n.

where

fails for all other cases

Fig. 2: Algorithm Unify: txv — S
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Example 2

1. Unify ((|e|)=int.(int|)= B)=int/ B.int/c]
2. Unify (= a,b= o) fails.

The following two Theorems can easily be verified.

Theorem 3 (Soundness of Unify)
If Unify (7,0) =S , then Sz =So.

Theorem 4 (Completeness of Unify)

If V unifies 1 and v, then Unify (t,v) returns S and
there is another substitution R such that V= RS.

The Type Inference Algorithm, W

In this study, algorithm W is extended to the terms
of Awmy. The extended algorithm is called W .
Algorithm 7 (I',M) is defined inductively on A
term M as in Fig. 3.

In algorithm W, x:Clos(ST.S7) is an abbreviation
of: x; : Clos(ST',Sty),...%,: Clos(ST,St,). When any of the
algorithm 1 conditions are not met, the algorithm fails.

Example 3
W((X:(I intl)ﬁint,x:int),X0(|x|)):(V,int), where V

= Unify ((Jint|)=int,(|int|)=B) and B is a fresh type
variable.

Soundness of W

Soundness of 1 shows that the algorithm never
yields any results that are not correct. In other words,
any type scheme derives by I is derivable by the A
type inference rules.

Theorem 5 (Soundness of W )

If W (I, M) succeeds with (S,t), then there is a
derivation of SI' M: 1.

Proof

By induction on the structure of Ay, term M. We
consider only the following cases, other cases can be
verified similarly:

1. Case Misx and W((Fx,x : v&.r),x) succeeds with

(1, TIB/a]), where g are fresh type variables.
From the (var) typing rule, we have:

I' ,x:Vatkx:Var
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Since v&.r>r[ﬂ/a:|, then from the (inst) typing

rule we have the following judgment as required:

Fx,x:varkx:r[MJ

2. Case M is let x
succeeds with (S,°S,.7,). where (5,7,)=#(I.P)and

P in N and W (T.letx=PinN)

(8,.7,) =W ((ST,.x: Clos(ST.7,)), N).
From the induction hypothesis, we have:

STHP:7, and

)

8,80, x:8,Clos(S,I".t))F N : 7, ?2)

Let S; = Sz[ﬂ / a}, where £ are fresh type variables
and o?zFTV(rl)—FTV(SlF). Then, from Lemma 2,
judgment (2) above and the fact that S,ST=S,ST,

because S, differ from S, only on bound variables of
SiT, we get:

S48, x:Clos(S8%,8,I". 87, ) - N : 7, 3)

Applying the (typeGen) typing rule to judgment (1)
and since & = FTV (r,)- FTV(S,'), we get:

ST+ P:Var, 4)

From the definition of Clos(SiI,t;) and judgment
(4), we get:

ST+ P:Clos (S/.1,) (5)
From Lemma (3) and Judgment (5), we get:

S,S,I"+ P:S,Clos(S,I',7,) (6)
From Lemma (2) and judgment (6), we have:

S,8,I" = P:Clos(S,8,I". S\, (7)

Applying the (let) typing rule to judgments (7) and
(3), we get:

S,S, I tlet x=PinN:t,
Finally, by noting that S;S,T'=S,5T, We get the
following required judgment:

S8 Flet x=Pin N:1,

3. Case M is Pe(|N|) and W(F,Po(|ﬁ|))succeeds

n

with (Vo0S,0..08,08.V ) where:
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W(F,x)

([ ]:[%]T') where I'(x)=Va.z' and

B are fresh type variables.

W(F, Ax.M)

(S.Sp= 1) where (S,7)= W((Fx,x:ﬂ),M) and

B is a fresh type variable.

W (T, MN)

(VoS2 08, ,Vﬁ’) where (S1 571) -

(52 ,1'2) =W

w(r.M),

(SIF’N)’ V = Unify (S,7,.7, = B),

and 3 is fresh type variable.

W(T.letx=MinN)

(.
d

(S N :u)where (S. u)=V?/((Ff,m),M

S, .5 T ,x: Clos

(S2 oS, ,1'2) where(Sl .7, )= V/I;(F,M) and
((Sl I,x: Clos(Sl I,z )),N)

'0S,0.. oSl,u) where

W )el8,2)=

(F N, )cmd

1-x°

(SSFSS))

)

and

B are fresh type variables.

(S,.7,) =W
w(rM<x=N>) = (
(8i0m)=
($v)=
W (T, p(5)-M) =
W(F,M0(|]\7|)n) =

(Sl,ul):l//l7

V = Unify ((Sn

(ST.N, ). (S,.0,) =

(VoSno... 08, oS’,Vﬂ)where(S’,r) = V?(F,M) and

w(s'T.N,),
Sy )T=(| S, ."Sla‘): ﬂ)

and B isa fresh type variable.

Fig. 3: AlgorithmV/I;: I'xsM — Sxr

(S,ty= W (,P) and ®)

(S,.0,) =W (ST.N,)..(S,.0,) =W (ST.N,) )

and V= Unify(((S,-8,)7).(1 S, S0 1)= B) and B is a

fresh type variable.
From the induction hypothesis, we have the
judgments:
STHP:t (10)
SSTHEN,:,....SSTHEN,:v, (a1
From Lemma 4 and judgment (11), since
S'T = 8,ST,we also have the following derivations:
STHN,:v....STEN, 0, (12)

From Lemma 3 and judgments (10) and (12), we get:
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VS,..SSTFP:VS,.. .St
VS,...SSTFN,:VS,...Sp, (13)
VS,..SSTFN,:VS,...Sp,

Applying the (nApp) typing rule to judgments (13) and
since:

VS,..St=V((S,...57 ) = p)
We get the required judgment 75, .. SST+HPe(N|):VB.

Note that, if SI'+M :r, then SI'+ M :Clos (ST,1)
also holds, where Clos(ST,7) is called the type scheme
computed by J# for M (Damas and Milner, 1982).

Completeness of W

Completeness of J ensures that the algorithm
addresses all possible inputs and does not miss any. In
other words, any derivable type scheme is an instance of
that computed by W .
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The restriction of a substitution S to a set A of type
variables, S|4, is defined by the set

{t/a: t/aeS and a € 4}.1f S and R are two substitutions
such that for every a e dom(S) " dom(R),Sa = Ra, the

simultaneous composition Damas (1985), of S
and R, (S ®R), is defined by:

Sa
Ra

(S@R)a:{ 1faec‘iom(5)
otherwise
Lemma 13
If W (T, M)= (S, 1), then:

I.
2.

Var(S)c FTV(T) U New
FIV (t) < FTV(T) U New

where, New is the set of new type variables introduced
by W (T.M).

Proof

By induction on the structure of the 4, term M.
Lemma 14 (Lee and Yi, 1998)

If ©>T", then Clos (T'.z) > Clos (I".7) .

Theorem 6. (Completeness of W )

Given I" and M, let I"" be an instance of " and ¢ a type
scheme such that '+ M : o then:

1. W(I.M)succeeds

2. If W(r,M)=(S.7r).then for some substitution
R,I"=RST and RClose(ST,7) > o

Proof

By induction on the structure of the A, term M
following the same technique of Damas (1985) using
Lemma 13 and Lemma 14.

Discussion

Although the representation of contexts and hole-
filling using A, terms can also be represented as terms
in the ordinary lambda calculus, the 1, representation
has the advantage of making contexts internal to the
calculus which enables to write more clear and elegant
programs with fewer reduction steps and then faster
reductions. For instance, consider the context.

(lxl.~--.ﬂxn.[.])Ml-~~M,n which is represented in Ay

as: (2, Ax, (X (| x7+0.x, 1)) M, M, To fill the hole
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X with the term N, the multi-abstraction x(X).N is
substituted for X in this term to get:

(lxl ."‘.)uxn.((,u()?).N)Oﬂ XX, \)))Ml M, (14)

This term can be represented as the lambda term:

(/?.xl .'".ﬂ.xn.((ﬂ.xl .-"ﬂ.xn.N)x1 X, ))M1 M, (15)

The Ajemy representation, (14), has a number of
advantages over the encoding using the ordinary lambda
terms, (15):

1. Using both the usual lambda calculus’ abstraction
and application together with the new multi-
abstraction and simultaneous application makes the
representation more clear; simple inspecting of the
representation in (14), it is obvious that the term

with the new multi-abstraction x(x).N replaced the

hole and the variables after the new simultaneous
application e is used to store terms in case if the -
reduction is performed before filling the hole

The representation in (14) has also an advantage in
terms of the number of reduction steps. To reduce
the underline subterm of (15), we have to use n S-
reductions, before each of them we have to check if
the a-conversion rule in needed or not to avoid the
unintended variable capturing. An »n meta-level
substitutions is also needed after each S-reduction
which also requires to check the necessity of the a-
conversion. Whereas, to reduce the corresponding
underline subterm of (14) only one —, reduction
step is needed. Then, only one checking for an a-
conversion and a sequence of the explicit
simultaneous substitution. The number of reductions
is clearly decreased and consequently the program
execution time is reduced. To make it clear, consider
the simple example:

(y(x,y).xy)0(|y+l,z|) -, (xy)<x:=y+1,y:=z>
—>xx<x:=y+1,y:=z>y<x:=y+1,y:=z>—>; (y+1)z

whereas, in reducing the same term encoded as ordinary
lambda term:

((ﬁx.ﬂy.xy)(y + l):) = ((lx.ﬁxl XX, )(y +1)z >,
(ﬁxl N )[(y + 1)/x]:) = (ﬁxI.(y + l)xl ):) p
((+D)x)[z/%] = (v+1)-

Conclusion

ML-style multi-abstraction calculus, A, 1S
introduced as an extension of the ML-style Hindley-
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Milner type system. The calculus has a multi-abstraction,
a simultaneous application and an explicit simultaneous
substitution. The multi-abstraction abstracts a sequence
of variables rather than just one variable at a time. The
simultaneous application applies all of its arguments
simultaneously and the explicit simultaneous substitution
has a number of substitutions that can be performed in
parallel which can decrease some reduction steps and
consequently reduces programs execution time. The
calculus has the advantage of saving the usual a-
equivalence between all terms. The ML-style Hindley-
Milner type system is chosen as a base of the calculus
since its typability is decidable and since it supports
parametric polymorphism that allows a part of a program
to be instantiated with different types as needed in
different situations. The calculus has a subject reduction
property, is confluent and has a sound and complete type
inference algorithm. The type inference algorithm infer
the most general or principal types for terms.

The calculus can be used to represent contexts, where
contexts are lambda terms with holes. The multi-
abstraction and simultaneous applications of the calculus
can also have several other useful applications that needs
to abstract a sequence of variables at a time, needs to
apply the arguments simultaneously and which needs at
the same time to keep the usual a-conversion between
terms. The calculus A, can serve as a theoretical basis
for a polymorphic functional programming with multi-
abstraction and  simultaneous  application. = An
implementation of the calculus and its type inference
algorithm should be considered as a future work.
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