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Graph Folding of Some Special Graphs
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Abstract: In this study we intreduced the definition of graph felding then, we proved that we cannot
fold any complete graph except the bipartite graph. By using incidence matrices we described the

graph felding.
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INTRODUCTION

Any graph G, which has exactly one component, is
called connected and any connected graph which has no
loops is called a tree [1].

Let &, and (, be graphs and f:G, —G, be a
continuous function. Then fis called a graph map, if

(i} for each vertex ve V (G} f{v) is a vertex in
VG, ),

(ii) for each edge ec E{G,), dim{ f{e})<dim{(e}.
We call a graph map f:G, — G, a graph folding, if
and only if f maps vertices to vertices and edges to
edges, i.e., for each veV(G,), f{(v)eV(G,} and for
each e€ E{G,), f(e)e E(G,).

Note that if the vertices of an edge e ={u, v e E(G,)
are mapped to the same vertex, then the edge e will
collapse to this vertex and hence we cannot get a graph
folding.

We denote the set of graph foldings between graphs G,
and G, by 7{G,, G, and the set of graph foldings of
G, into itself by 77(G, ). In the case of a graph felding
f the set of singularities, > , consists of vertices
only.

The graph folding is non trivial iff 3 f=¢ . In this
the no.V{f{G <noV{G), also
no E{ (G} <no.E{(G,}.

case

Proposition 1: Any tree T can be folded into itself by
a sequence of graph foldings cnte an edge.

Proof: Let T be a tree, then if no. V{T)=n,then
no. E{T)y=n-1. Now, we can define a sequence of
graph foldings f; :T —T;, where f(T'}=T is a
subgraph of T;, i€ [ . Bach of f; fold one edge, or

more, until we get only one edge which can not be
folded any more.
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Theorem 1: Let G be a complete graph, then there is
no non-trivial graph foldings can be defined for G.

Proof: Since & is a complete graph, then every pair of
vertices is adjacent. Let f:G — G be any graph map.

This map will represent a non-trivial graph felding f, f
maps vertices to vertices and edges to edges such that

no.V{f(GY <no. V{(G). Thus f will maps at least

two vertices o the same vertex and hence the edge
joining these two vertices will collapse to a vertex and
consequently it cannot represent a graph folding.

Example 1: Let & be a complete graph with vertex-set
V(G)y=1{v.va, v3, v, } and edge set E(G)={(v;, vy),

(V;, V_g), (vb V4), (VE’ V_g), (VZ, V4), (Vg, V4)}, (Flg ]-)

Y

V4

Va
G

Fig. 1:G Complete Graph and f is not a Graph Folding

Let f:G — (G, be a graph map defined as follows:

Fiviva vao vy F={vs o va, va g t
FLOL v b (v va)d, v, v (vg, v3), (v, ), (vs, vy 3 )
:{ (Va, v L {3, v3 0, (va, Vg ) (Vo v b (g, vy ), (13, V4)}

Then, this map is not a graph folding, because the
image of {{v,, v3)} is the vertex {v;}.

From now when defining a graph map, a graph folding,
any omitted vertex, edge, will be mapped onto itself.
Thus, the map fin the above example can be redefined
as follows:

f{vl}:{v_%}» f{(vl’v3)}:{v3}
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Fig. 2: G1 Bipartite Graph and fis a Graph Folding
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Fig. 3: G, Bipartite Graph and g is a Graph Folding
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Fig. 4: G, Complete Bipartite Graph and fis a Graph Folding

Theorem 2:Any bipartite graph G, can be folded.

Proof: Let G be a bipartite graph. Then the vertex set
V(G):{vl,vz,...,v,i,vrﬁl, ...,vr} of & can be split
into fwo sets A= vl,...,vﬁ and B:{v“l, O O },
such that each edge of the graph joins a vertexin A to a
vertex in B, [2]. Let f:G — G be a graph map, such
that f maps vertices of A into another of A and vertices
of B of B. Thus
e={vyv; ) i=1 ., K, j=i+l..;» will be mapped to
F=(f ) f
flve V(A),f(vj}e V{B) and hence f is a graph
folding.

intc  ancther each edge

an edge where,
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Example 2: Let G, be a bipartite graph, whose vertex
sets - A={v,vy,v3,9,} and B={vs, vg, vz, 35}
(Fig. 2). Let f:G, =Gy be graph felding defined as
follows: Flvivs F=1{vs, ve } and

flen ey es. 66, e 1={es, 5, €9, €3, €10 I3

Note that the graph ¢ (g, y=¢, can be folded again as
fellows. Let g:G, — G, be given by:

giva. ve =1va, v1 |

g{ez, €7, €g }: {63, €11s €10 }: (Fig. 3).

and

Once, again g(G,} can be folded until we gef a
graph consists of an edge
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Fig. 5: G, Complete Bipartite Graph and g is a Graph Folding
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Fig. 6: &, Complete Bipartite and Graph h is a Graph Folding

Theorem 3: Any complete bipartite graph &, can be
folded to an edge.

Proof: Let & be a complete bipartite graph with vertex
setV(G)=iv1, Vas e Vs Viids oo Vy This

set again can be split into two sets A = {Vl s oo Vyy Jl

and B = {Vrﬁl’ vy Y, Jl such that each vertex of A is

joined to each vertex of B by exactly one edge, [2].
Thus,

E(G) :{(1’1: v;rl+1)s(v1: vrlJrZ)a---:("i: v;r ): (Vz, vrlJrl)a ---:(VZ: vr):

(Vrl’ Vr1+1 )’ (Vrl’ Vr1+2 )’ e (Vrl’ Yy )}

Now, let f :G — G, be a graph map defined by:
if
if

Vi,

k=1 ..15
f(vk):

k=n+1..r.

vrlJrl 4

Thus the image of any edge of E(G) will be the
edge (v, v,y ). Of course, this map is a graph
folding.

Example 3: Let Gy be a complete bipartite graph,
A={v, v }
B={v;, vy, vs. v }. (Fig. 4). Let f:G, G, be
a graph map defined by:

whose vertex sets and
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and

flot={va b flvit={v}i=4.567,
fle t={eg L i=1..8.

[t is clear that, this graph map is a graph felding with
image the edge eg ={vs, 1)

Note that we can first fold G, by mapping V({B) to

itself and V{A) to a vertex. Then, we can fold again by
mapping V (B} to a vertex. The composition will

represent a graph folding to an edge, e.g, let

g : Gy — Gy, be given by:
8{V1 }:{Vz }: and g{eh €3, €3, &4 }:{93: €7, €g; €5 }

Thus, g{(, )= G, is a complete bipartite graph such
that V(Ay={v;} and V(By={vs, vy, vs, v |
(Fig. 5). Let h: Gy — Gy, be a graph folding defined
by:

m{va, vs ve t=1vs, vao v }
h{ej JL=€8, ji=5¢617.

It is clear that the composition, Ac g, is a graph

and

folding ento an edge.
Graph Folding and Incidence Matrices: Let G be a

finite  graph, with  the set of  vertices
V(G y={v,...v,} and the set of edges
E(G)=e,.ne, }- Let fen(Gy)y, such that

(G y= Gy, The incidence matrix denoted
I ={(A; ;) is defined by:

by
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Ay =11 v, k=1 .., risaface of ¢;, d=1,.., 5
in Gl’

Ag=0, if v k=1 .,r is not a face of
ey, d=1 .. 5in Gy.
The matrix fis of order § X ¥, where s is the number of

edges of Gy and r is the number of vertices of (.
Let Gy and Gy be finite graphs and fe n{Gy, G,)-
Then §¢Gp)y is a subgraph of G, In particular; if

fen(G)y with f(G)=G{ =G, . Then Gj is a
subgraph of Gl' This suggests that the incidence

matrix {~ of F(G) =6 is a submatrix of the

incidence matrix f of (5 possibly after rearranging
it’s rows and columns.

We claim that the matrix I can be partition into four
blocks, such that [ . appears in the upper left corner
block and a zero matrix € in the upper right one. The
matrix R, the complement of [ ', will be a submatrix of
I’ possibly after deleting the rows and columns of {”

which are not images of any of the edges
€5, 11> o s and the vertices Vi +1s o0 Voo
respectively.

The zere matrix (? is due to the fact that non of the

vertices Vv , V.. is incidence with any edge of

A+l e Yy

the image.

Vi, VYo, ...V?.I s Vo

Vol oo

Conversely, if the incidence matrix [ of a graph G; can
be partitioned inte four blocks with a zero matrix at the
right hand corner block. Then a graph folding may be
defined, if there is any, as a map f of G; to an image
ftG,) characterized by the incidence matrix f " which
lie in the upper left corner of I. This map can be defined
by mapping,

(i} the wvertices Vi, j=n Ll r to the vertices
..., #; if the /* column in R is the same as the {*

v, i=1,

column in [ ’, after deleting the zeros from i column,
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(i) the edges e,,v=s+1 .. 5 fo the edges
ey, £ =1, ..., 5 if &, and &, are incidence.

Examples 4: {(a} Let & be a complete bipartite graph,
whose vertex sets A=1{v,, v3, v5 fand B={v,, v , v¢ I

respectively, {Fig. 7).

€3
G
Fig. (7)

Yy

Fig. 7:G Complete Bipartite Graph

Now, the incidence maftrix I of G has the following
form:

Vi Vo V3 Vg V5 Vg
1 0 0 0 0]

€
)

€3

I= 85
€g
€7

€g

= = — I = T R
o = O O O O O
— o O O o O =
SO = O o =
(e S~ R R e R
= =R I e B e B

gy

Now, we can partiion I {o take the following form

Vi Vi Vs Vg Vp ¥y

es[0 0 1 1| 0 0]
el 1 0 O 1] 0 O
el 1 0 1[0 O
e|l1 ¢ 0 0] 1 O
I=e,|0 1 0 O] 1 O
el 0 1 0 0] 0 1
esq 0 0 1 0O O 1
ez 1 0 0O 0O 0 1
|0 0 1 0l 1 0O
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Thus, we can define a graph map 7.6 — G by:
f{Vz, Y4 }-: {ng Vg }and,

f{ep €, 63,84, 67,6 }‘={€6s €9, €y, €5, €5, €5 }

Thus, it is clear that this graph map is a graph folding,
such that f(G)y=G" is a complete bhipartite graph
shown in Fig. 8 with incidence matrix I” appears in the
upper left block of the above matrix, i.e.,

e

Vg V|
€s
e
9
Vs
’ V3
FG)=6G
Fig. &: G Complete Bipartite Graph
YooYz Vs Vg
es[ 00 1
I'=e| 1 0 0 1
g 0 1 0 1

Vi Vg V1 Vs

e[ 1 1] 0 0
es| 0 1] 0 1
es| 0 1] 1 0

Thus, we can define a graph map g ! G -G by

g{‘ﬁ, Vs }={V3’ Vs } and g{ei }=e. izs6-

ol
€s 2!
Vs Vo
64 I 62
Yq €3 V3

G
Fig. 10:G Complete Graph

The incidence matrix I of G is:

vl vl V3 v4 vﬁ
e[1 1 0 0 0
|0 1 1 0 0
|0 0 1 1 0
6|0 0 0 1 1

,_e|1 0 0 0 1
|1 0 1 0 0
e |0 1 6 0 1
|0 1 6 1 0
|0 0 1 0 1
ewll 0 6 1 0|

Now, if we partition f as follows:

=

s
=2

w
=z

=z
=~

4 5
e [1 1 0 00
|0 1 1 00
|0 0 1 10
e |1 0 0 1|0
|1 0o 1 0o
|0 1 0 1|0
|1 0 0 01
|0 0 0 1|1
|0 1 0 0|1
eol0 0 1 011 ]

Again the image, g ("), 1is the graph shown in Fig, 9.

€9

Vg o V3

Fig. 9: Coemplete Bipartite Graph

Thus the complete bipartite graph G can be felded ento

an edge.

(b) Let G be the complete graph given in Fig. 10.

Then we cannot map v, to any of the vertices vy, v3, vy
or vy and thus we cannot defined a graph folding. It is
worth mentioning that no other partition of I will allow
us to fold this graph, i.e., there is no graph folding of
complete graphs.
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