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ABSTRACT

In this study, the probability density functionstb& product and quotient of two generalized oadatistics
from the generalized Burr Type-XIl distribution leabeen derived, using the Mellin transform and its
inverse. Several interesting special cases hawe laden obtained such as the product and quotient of
extreme generalized order statistics and the prtaghat quotient of consecutive generalized ordeissits.

Keywords. Generalized Order Statistics, Mellin Transform Ai@que, Hyper Geometric Function, Fox H-
Function, Generalized Burr Type-XIl Distribution

1. INTRODUCTION studied extensively in the literature as an appatg@rand

useful failure model to the applied statistics. Evand

The Exponentiated distributions can be obtained bySimon (1975) discussed the Burr distribution aaikife
two common techniques: Firsﬂy, Powering a positive model and (_1€rived the Maximum Likelihood Estimators
real number to the Cumulative Distribution Function (MLE) for its parameters. Evans and Ragab (1983)
(CDF), i.e., if we have CDF F(x) of any random whte ~ discussed the Bayes estimotors for Burr distriloutio
X, then the function F(z) = [F($)]6>0, is called an paramaeters based on type-I| cengc_)red samples.nd/u a

exponentiated distribution Gupta and Kundu (1999; 'Y (2005) proposed pivotal quantities to test thape

2001); Mudholkar and Srivastava (1993) and Nadhraja parameter and established its confidence interaabd

. _ on censored data. Soliman (2002) derived the MLE an
(2005)..Secondly, using the formula F(z) = 1-{1)fz Bayes estimates for the parameters. Xiuchetinal.
Nadarajah (2005).

2007) derived the empirical Bayes estimator of the
The aim of this study is to study a distributionign 2003, 48V o y !

. SUIRUHTE reliability based on progressively type-ll censored
generalizes the standard Burr Type-XII distributicsing samples and Wang and Shi (2010) derived the erapiric

the s_econd technique. Thus, the Probabilit_y DensityBayes based on record values. For intensive refiew
Function (PDF) and the CDF of the exponentiatedr Bur ina gurr type-XII distribution, Rodiguez (1977).

Type XII distribution (EB), are given respectivegs However, in recent years, this distribution hasrbe

Equation 1 and 2: used in a variety of fields such as business Roddgand
Taniguchi (1980). Economics and finance McDonald an
f(x) =apex *F(L+x7) P @ Richards (1987). Hydrology, Mielke and Johansorv4)9
[L-(@+x)*PP? Quality assurance, Burr (1976). Medicine, Wingo9@9
and Mineralogy, Cook and Johnson (1986). laeteal.
(2009) obtained the Bayes and empirical Bayes atiin®
for the reliability. Thus several aspects of thstriiution
have been covered by researchers, but a compredensi
a, B >0 are shape parameters afdis called the statistical analysis on the distribution is stiltking.
exponentiated parameter. The distributions of the product and the quotient
The Burr type-XIl model has been considered by of two random variables are widely used in many
Burr (1942), as a new lifetime distribution and lesn areas of statistical analysis. An important exangfle

FO)=1-[1-1+x" )] )
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products of random variables is the case of inveatm Cis m o
in a number of different overseas markets. An fi;(x¥) =m(1":(x)) f()g, (F())

important example for the quotient of order statist . " )
is the stress-length model within the context of [ha FO)-h, FY [1-FO)  fy),
reliability. It describes the life of a componenhiah

has a random stress Y and is subject to randorssstre Forx <y.

X. The component fails at the instant that stress i

applied to it exceeds the strength. The distributid HereC, = |_1|Vi j=12,..,nand xJ [0, 1], gn(X) =

product and quotient have been studied by several

authors, Subrahmaniam (1970); Wallgren (1980); _i(l_x)m*rl m# -1

Malik and Trudel (1982); Tang and Gupta (1984); hn(X)-hm (0), h, (x)={ m+1 ’ .

Nadarajah (2005); Nadarajah and Gupta (2005a; -log(1- x), m=-1

2005b); Nadarajah and Kotz (2007); Aleem (2008);

Garg (2009) and Nagar and Valencia (2011). They arel.1. The Mdllin Transform

met in the problem of selection and ranking rules, ) , ,
which is described by Gulati (1970) and Malik (1970 Epstein (1948) was first to suggest a systematic
They also can occur when the random variables havéiPproach to the study of products and quotients of
dimensions of a ratio such as cost of a structene p independent random variables by using a Mellin
pound of payload or fuel consumption per mile. transform technique.

Subrahmaniam (1970) has made the study of product The Mellin transform of f (xt) is defined as
and quotient of order statistics from uniform Equation 5:

distribution and exponential distribution. Malik cn .

Trudel (1982) studied the cases when the order _ 1 -

statistics are from Pareto, power and Weibull Mslez(f(X‘y))_”XSl y % Hx,y)xdy ®)
distributions. Aleem (2008) studied the quotient of °e

two generalized order statistics from the Weibull where, $ and $ are complex variables. Under suitable

distribution. Garg (2009) has studied the produd a ongitions discussed by Fox (1957), it possesses th
quotient of two generalized order statistics from j, erse as Equation 6:

Kumaraswami distribution. In this study, the
distributions of the product and quotient of two h+ioo k+ies
generalized order statistics from the exponentiatedf(x,y)=—— J J Xy ZM  (f(x, y))dsds, (6)
Burr Type-XII distribution have been derived. (2m1) % o

The concept of the Generalized Order Statistics
(GOS) is introduced by Kamps (1995) as a unified
approach to ordinary OS, record values and k-tbrcec
values, which can be outlined as:

The random variables X(1, n, m, k),...,X(n, n, m,
k) be GOS from an absolutely continuous CDF F(x) «  WhenS=S =t, we get:
and PDF f(x), with noting that (X(0, n, m, k) =8,1,

With the paths of integration being two lines plata
to the imaginary axis and to the right from thegoriin
the Argand plane.

We will study two cases:

m O R, then their joint PDF can be written in the M:«(9(u)) = M(t|u), which corresponds to the Mellin
form Equation 3: transform for the PDF of the product U = XY. Thus
Equation 7:
n-1 m
(X X g0 X )= K[ YT (X)) 1 F(% 1 M
v D [ j 3) g(u)= ol J- u™ M(t | u)dt (7)

h—ic

[1-Fo) 10x,)
e When §=tand $=-t+ 2, we get Muah(2)) =

On the cone F(0) < x <...<x, < F* (1) of R, M(t|z), which corresponds to the Mellin transforon f
wherey, =k + (n - i)(m + 1) ang, =k > 0. the PDF of the quotient Z = X/Y. Thus Equation 8:

If m=0and k =1, then (1.3) is the joint PDFtbé¢
ordinary OS. q e

The joint PDF of X(I, n, m, k) and X(j, n, m, K)< j h(z) =— J' Z'M(t| Z)dt 8)
is given by Equation 4: 2 %,

////A Science Publications 130 JMSS



Mohamed Maswadah / Journal of Mathematics ands8ti9 (2): 129-136, 2013

1.2. The Fox H-Function

The H-function is a generalization of the G-fuaaoti
and also it is defined, in the literature, as aliMdBarnes
integral, Gradshteyret al. (2007). The definitions of
these functions will be defined as follows:

The G-function is defined as Equati®n

e } —J Z'g(odt ©)

hloo

ﬁ (b, + t)rnl [(1-a;-t)
=

g(t) =—
[] ra-b, - t)|‘| T(a, +1)

j=m+1 j=n+l

The H-function is defined as Equation 10:

h+i¥
1

[ Z'hat

27“ h-i¥

(10)

ol | @100, (8, )
Hpq[z(bl,ﬁl) ..... (bqﬁq):l

ﬁl r'(b, +]3jt)|j I(1-a, 1)

h(t) =

ﬁ I'(1-b, -ﬁjt)j!‘:Lr(aj +a,t)

j=m+1

m, n, p and g are non-negative integers satisfying

Osnsp, lsms=<qgo(=1,.., p) and3;(j =
are assumed to be positive quantities
standardization Purpose.

-1
The inverse relation for the Fox function will be > Y (- 1)”5( . ][l | j

given as Equation 11:

Hm,n z (ai lai):i=1,p
P | (by.By). 1= 1.0) 1)
—Hmn 1 (1-b;B;)i=1q
"z = 1.p)

1.3.The Distribution of Generalized Order
Statistics

1.3.1.The Distribution of Product
Generalized Order Statistics

of Two

Theorem 1

Let X(i, n, m, k) and X(j, n, m, k) be the ith and

jth generalized order statistics with (i < j), bdsen a
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random sample of size n from the generalized
exponentiated Burr Type-Xll distribution, then the
PDF of the product U = X(i, n, m, k).X(j, n, m, k§
given by Equation 12:

) 6p)c,,
9= = (m )
1 22
erz.l TR0, 4D+ (12)
sl @rIep el
a [0 a
g, +nd) 140D, Bl +1,+D.2)
u o a [0
i d), @22, d-pa+n
L a'a a o a’ |

where, O < & o, H[.] is the Fox H- function defined by
(10), 1< i <j = n and the symbol.¢ as defined in
section (1).

Pr oof

For simplicity, let X and Y be the¢h and th GOS
with (i<j) from the exponentiated Burr Type-XIi
distribution (1). Thus, substituting (1) and (2)(#), the
joint PDF of these generalized order statistiggiven by
Equation 13:

GO}
(=DKG i -Dim +1)

p FOoy) =

i-1j-i-1
r=0 s=0 S
o(m+1
I D (13)
s(menyjorizs)18(mepsry-i(CL) [ (AT - —s) —1
Il
T (e(m+Dsty,)- 2
I,
X—u—ly—u—1(1+ X—cx)‘B(|1+1)‘1(1+ y—cx )‘B(lz*'l)‘l
The Mellin transform of (13) is given by:
M, o F(x.Y) =K(aB®?Y >
[y2 " 2wy )P )y
0
Where:
JMSS
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Cis
(| DIG-i-1)(m+1)"2 "’

i-1 j-i-1

PIDWAC (DIt

r=0s=0
B(m-+1)(j+r-i-)-10(M+1)s+; )'1(-1)|1+I 2

ul2 (6(m+1)(1+r i-5)-1 (6((m+l)S+y,) 1)

,=0 I,=

y
I(y) = J.Xsl-a-Z(l + X-a)-B(Il+1)-1dX.
0

Let v=x%and w =/, thus:

1 ¥ s5-1
I(y) ==t e (L )"t
aW

—-B(Ipl)
w ¢

-1

\ [

RB1+1)+1,

S-1ipq, +1>—+ﬁ(l +1)+1;- l)

Gradshteyret al. (2007), thus Equation 14:

M, 5 (F(x,y)) =K(6B*

0 AT )
Zr szh | _7 W (1+ W)—B(I2+1)—1
AT 4p(, +1) 0 ”
SREU+D)+ l,slT +B (I, +2);

S7Lg0, +1) +1-—L)dw
a w

Let v= 1 and using the integral in Gradshtegral.
w

(2007), the Mellin transform (14) can be written as
Equation 15:
1

M, o (F(x,y)) = K(ewz,szh.z_i
—+B(| +1)

rOT %2, +1,+2) 15)

r(-87%" 2 2 (- 2oy

r(Bd, +1) +1)|'([3(|1 +1)-2"1i p)
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By setting s =t and s =t in (15), we get M(g(u))

= M(t|u), which corresponds to the Mellin transfofon
the PDF of the product U = XY. Thus Equation 16:

M, (0(u) = M(t|u)= K(@B) erZw%
—+B(, +1)
r(Zta‘ 2 4 p(l, +1, +2))r(-2 2+z)r(—7+1)
(B0, +D)+ D7 B(,+D -1 +2)
=KOpY, Y,
F(B(I1+1)+t—_l)r(2tT_2+B(ll+lz+2))
r-2 2y (16)

132

rE,+n+ e
r@(, +1) +1)r(3(|1+1)—%1+ 2)

Thus, using (7) with (16), we get the PDF of the

product U as:

1

9) = KOB' L2 T+ 1) 1)
TR, +1)+7)r(2t 2 1B, +1,+2)
o TR 2+2)r(-—+1)
1 o gt
2mi r(ﬁal +1) +—=+(R(, +1) -~ +2)
o [0}
_ 2" * ;
g(u) = K@6p) z,,szwz T(B(l,+1) +1)
(-1,1), (-1- 3 3), (1-71 +B(|1+1),f])
o a 0 a o

H22| ulpg,+1)- <. 3,
o o
(1-1opa,+1). ). 2 +p1,+1,+2).9)
o o o o

Using the inverse relation (11) we get the PDF of
the product (12).

1.4.The Didgtribution of Quotient
Generalized Order Statistics

of Two

Theorem 2;

Let X(i, n, m, k) and X(j, n, m, k) be the ithajth
generalized order statistics with (i < j), based a@n

JMSS
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random sample of size n from the generalized BurrCorollary 1

Type-XII distribution, then the PDF of the quotieht=
X(@i, n, m, K)/X(j, n, m, k) is given by Equatior71

h(z) =— _(9[3)201—1 _
(i-DIG-i-1)!(m+1)"2

&3,
a o

e TR +,+2)
2Lt T, +1) 1)

@+ 0+, 7
Y2 ©o
2dp,+n ), el 0,40
o o o o

where, O < Z< o, 1< i <j< n and the symbol.¢ as
defined in section 1.

Pr oof

Using the Mellin transform (15) by setting=st and
S t + 2, we get Mux(h(z)) = M(t|z), which
corresponds to the Mellin transform for the PDFRfud
quotient Z = X/Y. Thus Equation 18:

M, _.o(h(2)) = M(t] 2)

* * 1
= K(SB)ZZr.sthzt_li
o +B(, +1)

(18)

F@(, +1, +2))r(2)r(%1+1)

(B, +D)+Dr B + D+ = +2)

Thus, from (8) with (19) we get the PDF of the
guotient as:

' — T +1,+2
h(z)= K(ab) Z'-SZIlJZM
e r "ty @g,+n+ 0
1 t a a dt
2r h=ico

r((, +1) +t7‘1+1)r(s(ll+1) +%1+ 2)

o« TR( +1,+2
h(z) = KOP) Z,,SZWM

-2 4B 41,0, @+, +1).)
o a o a

)

o

Hz3| 2 11 1
(1'7!7)1 (ﬁ(|1+1)'71
o o o

Using the inverse relation (11) we get the PDF of
the quotient (18).
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Let I =1 and j = nin (12) and (18) we get the
density functions of the product and quotient oé th
extreme generalized order statistics from the
exponentiated Burr Type XIlI distribution respeclvas:

®p)°c,.,

o= o ms

— 1
Zr,th,l2 r 43([2

+1)+1)

@+ -p+0). D), @+ 4B+,
o o o o

1

H2,2 -
3,3
u

@+ 2-B(, +1,+1),2)
a a

artdy @22 doparnh
a a a a (o (o

— (6]3)20"_1 ”
- (n _ 2)|(m +1j1-2 Z:r,szlll,l2

ke

h(Z) l—‘(13(|]_+|2+ 2))
I, +1)+1)

JEh as e
Heol L o o a a

22l 711

( B(|1+1>.§). (-1+§-B(|1+1>,§>

=
Where:

o Dn-2
2, =2 (U6
s=0
. 6(m+1)(n-s-1)-B((M+1)s+k)-1

ZLJQ - (_1)|1+|2 Gal(m+1)(n-s-1)-1)6a2((m+1)s+k)-1)

1,=0 1,=0

Setting0® = 1, we get the density functions of the
product and quotient of the extreme generalizecerord
statistics from the standard Burr Type XII disttibu.

Corollary 2

Letj=i+1in (4.1) and (5.1) we get the deypsit
functions of the product and quotient of the consee
generalized order statistics (i < j) from the expaimated
Burr Type XII distribution respectively as:

N (USRS S
I =m0y 2 2T, 1)+ )
@l g ), @t 40+,
o a a o
H 2w po, 1,41, 9
o o
aslly @+2.2), i+,
o o o o o 08 i
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e TR +1,+2)

__orc
") = i+ D7 T T+ 1)+ )

D @
e « e
2(1 B, +1), ) (142 B, +1).2)
o o
Where:

o L .
PIEINCIGY
r=0
O(m+1)(r+1)-19vj41-1

= Z z (_1)I1+|2 G)l(m+1)(r+l)-l)(})2y,ﬂ-1)

;=0 1,=0

ok

Il

SettingB = 1, we get the density functions of the
product and quotient for consecutive generalizedeior
statistics from the standard Burr Type XII disttibun.

Corollary 3

When6 =1 and m =0 and k = 1 (12) and (18)
reduce to the density functions of the product el
quotient of theith and jth order statistics from the
ordinary Burr Type XII distribution respectively:as

B2n! Ry 1
@i-1)1G-i-1)(n-j) z"sz LT, +1) +1)

-B(I1+1),§),

g(u) =

@+l @+ +p(l,+1), D),
o o o

1
H22 1+ 2 g, +1,+1),2)
u o o

a+1d)y @+22) &0+
a o o o o o

_ p L T+ 1,+2)
)= DG D = T+ 1)+ 1)
d S aspeen
20| 1 a o a a

22

2B+ D), (Lt 1))
o o o o

When 6 = 1, (12) and (18) reduce to the density Where:

functions of the product and quotient of title andjth

generalized order statistics from the Burr Type Xl

distribution respectively as:

ﬁzcj-l * / 1

90 = T Diga-Dim + 1 22 TR0, + D) )

(L2 B0, +1), ), @+ +B0,+1) ),
o a a o

1
Hg; - (]-+g 'B(I1+ |2+1)lg)
u o o

11

arld 22 1

@+22), & $0,+0)
o o o o

Bcjl

F(B(,+1,+2)
"= DD+ 177 20 T, +2) 1)

dED @)
2,0 o o

22 411

(-l +D), ) (1+2 pa,+1) D
o o

Where:

(M+1)(r+1)-Tyy -

lellz Z ( 1)I1+|2 m+1)(r+1) 1)0 l)

Corollary 4

i,=0
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(j+r-i-s-1)n-j+s

lell|2 z z ( 1)'1”2 (Ij+r i-s- 1)Gn J+S)

Garg (2009) When =-aand3 =-b

2. CONCLUSION

In this study, we have proposed a new family of
distributions called exponentiated Burr type-XIl
distribution. We get the probability density furmets for
the product and Quotient of two generalized siafist
from this distribution. We have derived some instireg
special cases such as the product and quotientreinee
generalized order statistics and the product arafiequt
of consecutive generalized order statistics.

These functions are useful in the investment in a
number of different overseas markets and the pnoloie
selection and ranking rules.
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